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1 Source Language \°

Types o = a|l|oi+02]|01%X02]| 0102 ]| pa.o
Values v ou= x| () |injyv | injyv | (vi,v2) | A(x:0).e | foldua.cV
Ezxpressions e u= v |casevofxj.ei|xe.e2 | m1v | m2vvy v | unfoldv | | letx=ejines
Eval. Contexts K == [] ] letx=Kiney
Figure 1: Source Language (STLC): Syntax
Value Environment [ = | Tyx: 0o
Type Environment A = | A«
Ato
OteA A}‘O‘l A'_GQ A"O‘l Al‘Gz A"(Yl A}‘O‘z A,a}—c
A« AF1 Al o1+ 02 Al o1 X 02 At 01— 02 A pa. o
AT
AT AFo
JAN R AFT,x:0
x:oel -FT -ET MN-e:o1 -F o2 MN-e: o2 -k o
Nex:0o r=(¢:1 Finj,e: o1+ 02 lNkinj,e: o014 02
rFV:0'1+0'2 F,x1:01ke1:6 r,XQ:O'QFGQ:O' rFV1:0'1 I'sz:crg rFVIO'1><O'2
H—casevofxl.el\xzezzc r|_<V1,V2>Z(71><(72 Fl—m 101
MEv:ol X o2 MNx:01ke:o2 FlFvi:oa—o FEvs:oo MEv:olpa.o/a]
MeEm oo FEA(x:01).e: 01— 02 FFvive:o Ik foldya.oVv: pa. o
lFv:pa.o [Fe:o01 [x:01Fe2: 02
I F unfoldv : opa. 0/a] [Fletx=ejines : 02

Figure 2: Source Language (STLC): Static Semantics



case (inj; v) of x1. €1 | x2. €2 S e1[v/x1]
case (inj, v) of x1. €1 | x2. €2 S ea[v/x2]
71 (V1,V2) i) Vi
72 (V1,V2) i) Vo
(A(x:0).e) v S e[v/x]
unfold (foldya.ov) < v
letx=vine <» elv/x]

e e
Kle] — Kle']

Figure 3: Source (A\%): Operational Semantics



2 Target Language \T

Value Types T = a|T1i+712]|(T)|Val.T—0|pa.7|Ja.T]|0

Computation Types 0 == ET1712

Values v u= x| inj;vi | injyve | (V) | Ale](x:7).e | foldya.r v | pack (7,v) as Ja. 7’
Results r u= returnv | raisev

Computations e == r | v.i| unfoldv | handle e with (x.e1) (y.e2) | v1 [T] V2

| casevofxi.er |x2.e2 | unpack (a,x) =vine

Evaluation Contexts K := [] | handle K with (x.e1) (y.ez2)
T /
e e
case (inj; v)of x1.e1 | x2. €2 S oer [v/x1]
case (inj, v) of x1.e1 | x2. €2 E) ez[v/xz]
. T
(Vi,...,vn).i < return v;
Ala](x:7).€e) [T v N e[t /a][v/x]
unfold (foldua.~ v) & return v
unpack (o, x) = (pack (7,v) asJa. 7) ine N e[r/a][v/x]
handle (return v) with (x.e1) (y.ez2) N e1[v/x]
handle (raise v) with (x.e1) (y.e2) < ea[v/y]

e & e
Kle] — Kle']

Figure 4: Target Language (System F + exceptions): Syntax and Operational Semantics



Type Context A == - | A«

Value Context T == - |I,x:T
a € A AFT1 AlFTo ATy AFTH A,alb T A,a b T2 A,akT
A« AT+ 72 AF{T1,...,Tn) ArVal.t1 — T2 Al upa. T AFO
AabT
AF Ja.T

AFT

AT AFT

AF- AFD,x:T
AFT x:T7el AT Hv:Ty Al 1o A;TFv:Te AFT1 AT vy
A;TkEx:T A;THinj, v:Te 4+ 72 A;THinjov:T1 4+ 72 AT (V) : (T)
AFT a;x:The:0 A;TEv: Tlpa. T/a] AT Fv:T[r/a] AFT
A;TFAla](x:1).e:V[a].T— 6 A;TFfoldya.r v:pa. T A;T F pack (7',v)asJa.7: 3a. T

A;T'Fr:0

ATFEv:T A F Texn A;T'FV:Texn AFT

A;T'Freturn v: EToexn T A;T'Fraise v: ETexn T

A;T'He:0

ATEv:iTs+72 A;,x1:71Hep: 0 AT, xo: T2 e2: 0 A;TEv:{(T1,...,Tn) A F Texn
A;T F casevofxi.e; |xz.e2:0

A;TFvi:ETexn Ti
ATFvy:Val.Ta—0 AF7  ATFvy:7afr/a]

A;THv:pa.T A F Texn
AT F vy [T]ve: 0T/

A;T Funfoldv : E Texn (T[pa. 7/a])

A;TFv:da.T AT x:7He: 0
A;T' + unpack (o, x) =vine: 0

A;TFe:ETexnT A;T,x:T7hHep: 0 ATy :Texne2: 60
A;T F handle e with (x.e1) (y.e2) : 0

Figure 5: Target Language (System F): Static Semantics



letx = eine’ & handle e with (x.€") (y.raise y)

catch y = e in ¢’ & handle e with (x.return x) (y.e')

1% () (the empty tuple type)

Figure 6: Target Language (System F): Syntax Sugar



3 Closure Conversion

at = «a
1T =1
(01+02)+ = o1 +oot
(o1 x02)" = (01, 027) .
(01 = 02)" = Fa.((a,o0F) = 027), )
(pa.0)t = pa.ot
¥ = EO0oc"
O = .
Mx:0)" = IM,x:0"

Figure 7: Closure Conversion: Type Translation



x:0€fl [Fv:ol~, v FFv:og~, v
FTEXx:0~sy, x FTE(O 1~y () IEinjyv: o1 4 02~y inj; v MFinj,v: o1+ 02~y inj, v
r|—V1:0'1’\/>UV1 rl—vl:O'l’\/n,Vl

M+ <V1,V2> 01 X 02 ~y <V1,V2>

fv(A(x:0').€) = (y1,.--,¥n)
r(yl):O'Z r/:(Y110'17---’Yn10'n) TeHV:<O-1+""’o-n+> r,7X:G|_e:0JMee

FFA(x:0).e:0— 0 ~ry pack (Tenv,(A(z: (Tenv, o). y1,--,ya))) as o (e, 0y > E00’T), o)

let Xenv = returng z.1in
let y1 = returng Xenv.1lin

let yn = returng Xenv.nin
let x =returng z.2ine

MEv:ofpo. o/al ~y v

[ foldya.o Vi pa. 0~y folduo‘.c,Jr v

TFEv:o~y, v FFv:oL+ 02~y Vv [x1:01Fe1:0~cer [ xa:02F €e2: 0~ €2
[+v:0~s. returng v I'F casevofxi.er |x2.e2: 0~ casevof xi.e1 | xz2. €2
[Ev:oj~y v [Fvi:01— 02~y Ve [Fvs: 01~y Vo
MEmiv:or X 02 ~e Vi IEvive: 02 ~e unpack (a,z) = viin

let y1 =return z.1in
let y2 = return z.2in

y1 (y2,V2)
[FEVv:pa. o~y v NFe:01~ce1 [ xFex: 02~ e2
Ik unfoldv : o[pa. 0/a] ~ returng unfold v Fletx =ejines : 02~ letx = eq ines

Figure 8: Closure Conversion: Term Translation



4 Combined Language \>"

Environments r == - |DI)x:o0|D,x:7
A = A

Value Types T u= o|T

Computation Types 0 == o |0

All Types o u= 71|86

Variables x = x| x

Values v o= V]|V

Results r o u= v|r

Expressions e = ...|%8Te
e = ...|T8%
e = ele

Evaluation Contexts K == ... | °STK
K == ...|7TS8°K
K = K|K

Figure 9: Combined Language (AST): Syntax

The syntax of the multi-language is defined by embedding the source and target syntax. Meta-variables
defined by ... indicate using the definitions from the corresponding source or target meta-variable. For
instance, p in the multi-language is exactly p from the target language. However, e in the multi-language is
e from the target language extended with a boundary term.

Typing in the multi-language, A;T' F e : 0, consists of the typing judgments from both the source and the
target languages, with a few modifications. First, the judgments are modified to take the multi-language
typing environments A and I instead of only the source or target typing environments. Next, the typing
judgment for the source language is modified at the leaves of each derivation to check that A+ I'. Finally,
two new rules are added to type-check boundary terms, given in Figure [[1}



e—=e
sT
ISTreturnv < ()
- ST ) -
112 §T return inj; v < letx = "'ST return vininj,x
ST . .
C1xX28T return v < letxg = “1ST v.linletxs = 28T v.2in (x1,x2)
sT

17%28T return v <  A(x:01).°28T | unpack (a,z) = vinlet xf = z.1in
let Xenvy = z.21in
letx = 7S ' xinx¢ [a] (Xenv, X)
B0 ST return v o letx = °#*9/al ST yunfold vin fold,ia.o x

TSty

return ()

7-80‘1><0'2 Vv

ST
. ST . o e
TS1T%2injv & letx =TS8 % vinreturn inj; x
sT . .
= letx1 =TS mivinletxo = 7S °? myvinreturn (x1,X2)
sT
(%

TS17%2y return pack (1,(A(z: (1,0:7)). , () as (01— 02)"

TS | letx = 18T z.2in
v X

TSHv & letx =TS I 9/*lunfold v in return fold,, .+ x

e S e e & e e 5 o
Kl — K[ Kle] — K[o] K] — K[¢]

Figure 10: Combined Language (A\3T): Operational Semantics

AThHe:o™ A;Thke:o
ATHSTe:o ATHTS%e: 0™

Figure 11: Combined Language (A\5T): Static Semantics
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5 M1 Contexts and Contextual Equivalence
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' u= [ i C | (v, €Y | (€YW) | T C | A(x: ). C | foldya.e C”

C u= [] | []' ] caseC"of x1.e1 | x2.e2 | casevofxi.C|xsa.e2
| casevofxi.er [x2.C | CV vz | vi CV | unfoldC" | letx=Cines | letx=e1inC | °ST C
CY u= [V ] in;CY | {(vi,...,CY,...,vn) | Ala](x:7).C | folduya.- CV | pack (7,C¥)asJa. T
C z= [] | return CY | raise CV | case C¥ of xj.e1 | x2.e2 | casevofx;.C|xz.e2 | casevofxi.er |x2.C

| CV.ii | CY[r]vz | vi[T] CY | unfold CV | unpack (a,x) = CVine | unpack (o, x) =vinC
| handle C with (x.e1) (y.ez2)handle e with (x. C) (y.ez2) | handle e with (x.e1) (y.C) | TS°C

¢ u= C|C
c® = C'|C
C = C&|C®

‘I—C:(A;Fl—ap)i(A/;F/l—ap/)‘

AFT AFT FC (AT o) = (AT Foy)
F[]: (AT Fo)= (AT F o) FIY:(ATHo)= (AT Fo) Finj; C": (AT F ) = (AT - o1 + 02)

FCV:(A;FFcp):(A';F/FGl—i—Ug) I'x;:01Fe :0 IV x2:02Fex: 0
FcaseC'of x1.e1 |x2. €2 : (AT F ) = (A';T' - 0)

FC:(ATH)= (AT ,x:01F0) TI'Fv:ioi+os I'ixe:oabex:o
Fcasevofxi.C|xa.e2: (AT @) = (AT o)

FC:(ATHg) = (AT ) x0: 02 - 0) I'v:oy+ 02 IV)x1:01Fe :0
Fcasevofxi.er |x2.C: (AT @) = (AT o)

A FT:voy FC' (AT F) = (AT F o2)
Fv,C) (AT Fe) = (AT oy x o2)

FC': (AT F) = (AT For) A FT ivoa FC (AT @) = (AT Fop x 02)

F(C',v): (AT @) = (AT o1 X 02) FmiClo (AT R )= (AT F o)
FC: (AT Fop)= (AT x: 01 F 02) FC (AT R )= (AT F o1 — 02) AT Fvg oy
FAx:01).C: (AT F ) = (AT F o1 — 02) FCve: (ATEHe) = (AT Fo2)
AT Fviior =02 FC:(ATEFe) = (AT Fop) FC (AT F ) = (AT F o' [pa. o' /a))
FviC: (AT )= (AT Fo2) Ffold,.or C: (AT F ) = (AT F pa. o)
FC (AT ) = (AT F pa. o) FC: (AT @)= (AT o) AT x:01Fes: oo
FunfoldC" : (AT F ) = (AT F o' [ua. o' /a]) Fletx=Cines: (A;T @) = (AT F 02)
AT Fer oy FC:(A;T,x:01F )= (AT,x: 01 F 02) FC:(ATFp)= (AT o)
Fletx=e1inC: (A;TF )= (AT 02) FOSTC: (AT Fo)= (AT o)
Figure 12: A\5T Contexts and Context Typing
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AFT AFT

FITV:(ATET) = (AT FT) F[]: (AT F6)= (AT F6)
FCV:(ATHe) = (AT 1) FCV:(ATF@) = (AT F Toxn)
Freturn,_, CV: (AT F @) = (AT FET Texn) F raise, CV: (AT F @) = (AT FET Texn)

FCY: (AT Fe) = (AT F75)
Finj; CV: (AT F @) = (AT F 71+ 72)

AT Fvi:ms FCV:(ATHe) = (AT 1)
F(vi,...,CY, . ,vn) : (AT F) = (AT F{(T1,..., T, .., Ta))

FCY: (AT R = (AT F{T1,.. ., Ty oo, Tn)) A F Texn
FCVi: (AT @)= (AT FETi Texn)

FC:(A;Tk¢)= (ayx:THBO)
FAl](x:7).C: (AT F ) = (AT FV[al. 7 — 0)

FCY:(ATF )= (AT FV[al.T —0) AT Fve T/l AT
FCY[r'va: (AT Fop)= (AT F0[1'/a))

AT vy :Va].T— 0 FCV: (AT Fop)= (AT -7l /a)) AT
Fvi[T]CY: (AT R )= (AT O[T /a))

FCY:(ATF )= (AT F rlpa. 7/a) FCV:(ATFp) = (AT Fpa.T) A'F Toxn
F foldua.r CV : (AT F ) = (AT F pa. 1) Funfold CY : (A;T F ) = (A'; T F E Texn T[pa. 7/a))

FCY: (AT F@) = (AT Frifr2/a))
F pack (72,CY)as Ja. 71 : (A;T F ) = (AT F T 71)

FCV: (AT R = (AT F3a.T) AT, x:7He: 0
F unpack (a,x) = CVine: (A;T - ¢) = (AT - 0)

AT Fv:Ja.T FC:(ATFp) = (A, ;T ,x:7F0)
F unpack (o, x) =vinC: (A;T F @) = (AT F 0)

Figure 13: A3T Context Typing (continued)
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FCV:(A;FF(p):>(A';F/FT1+T2) AT x1:7T1He1: 0 AT xa:T2ex:0
FcaseCYof x1.e1 | x2.€2: (AT F ) = (AT - 6)

FC:(A;F"QD)Z}(A,;F/,Xl:T1|—9) AT Fv:iTi+ 72 AT x2:7T2Fez: 0
Fcasevofx;.C|xz.e2: (AT )= (AT F0)

}—C:(A;FF@):>(A/;F/,X2:T2I—0) AT Fv:Ti+ 712 AT x1:71Fe1: 0
Fcasevofxi.er |x2.C: (AT F o) = (AT F6)

FC:(ATF@) = (AT FEThwm ™) AT z:7"Fe1 :ETexnT AT y:TonFes : ETon T
F handle C with (x.e1) (y.e2) : (A;TF @) = (AT FETexn T)

ANT'Fe:Ero, 7 FC:(ATFe) = (AT ,x: 7 FETexnT) ATy ToxnF ez : ETon T
F handle e with (x. C) (y.e2) : (A;TF @) = (AT F EToxn T)

A T'Fe:ETon T AT x:7Fe1 :ETexn T FC:(ATF@)= (AT, y: Texn F ETexn T)
F handle e with (x.e1) (y.C) : (A;T F @) = (AT F ETexn T)

FC:(ATHg) = (AT Fo)
FTSY C: (AT F ) = (AT F (¢)1)

Figure 14: A\ST Context Typing (continued, continued)

AES ¥ VaeA AF§(a)

5TEy X vz:rel. e bEy(z) s a(r)

ATFer~fer:0 ¥ ATFe:0 A ATHer: 0 A
Vo, v, K. (AESASTEAANFK : (5-F0)= (5-F1) =
(K[6(v(e1)] T K[5(v(e2))])

Figure 15: CIU Equivalence

Tre~@e:oc ¥ Mre:oATFer:io A
VC.source C A FC: (5T o0)= (;-F1)
= (Clea] T Cle2])
A;F}—elzfﬁzez:e = A;T'te1:0 AN A;THex:0 A
VC. target C A FC: (A;THO)= (;-FEO01)
= (Cle1] § Clez])
A;Pkelzgt{fegsﬁ = A;TFer:0 N A;TRex: 0 A
VC. -C: (AT H0) = (5-F1)
= (Clea] § Clez])

Figure 16: Source, Target and Multi-language Contextual Equivalence
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6 AT Logical Relation

running(k,e) = 3e'. e —F ¢
Atom[p1, 2] def {(k,e1,e2) | kKEN A 5-Fer:ipr A 5 Fea:ipa}
Atom[glp = Atomlps (), p2(¢)]
Atomval[ﬁ,Tg] def {(k,v1,v2) | (k,v1,v2) € Atom[r1,T2] }
Atom*™[r]p = Atom*™[p1(7), pa(7)]
Atom™[01,602] = {(k,r1,7r2) | (k,71,72) € Atom[01,05] }
Atom™[0lp = Atom™[p:(6), p2(0)]
Atom®[01,0:] € {(k,K1,K2)| k€N A 301,05 FKy:(5-F61)= (- F60) A F Koz (- 0) = (- 05)}
Atom*[flp = Atom"[p1(6), pa(6)]
def

Rel[T1,7‘2] = {R S ,@(Atomval[TLTgD |V(k’,v1,V2) € R. Vj<k. (j,v17V2) S R}

Figure 17: Logical Relation Auxiliary Definitions
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Virle

V[ p

Vo1 +o2]p
Voxdp
Ve—d]p
V[ne. o] p
Via]p
Vri+72]p
V{7, )] p
VIVia].T — 6] p

Vpe. ] p
Vo] p
V[3a.7]p
R[0]p

Rlo]p
RIE Texn T]p

gfogp
gfogp
Ko p
K] p

o

D[]
DA, o]
Glle
GID,z:7]p

o9
a N

Atom*?[7]p

{0, 0))
{ (k,injiv1,injva) | i€ {1,2} A (k,vi,v2) € V]oi]p}

(vi,v1), (va,v5)) | (k,vi,v2) € Vo] p A (k,Vvi,v5) € V[o']p}
k,A(x:0).e1,A(x:0).e2) | Vj < k. Yvi,va. (4,vi,v2) € V[o]p = (j,e1[vi/x],e2lve/x]) € E[d']p}
k,foldiq.ovi,foldua.ova) | V5 < k. (j,v1,v2) € V]o[pa. o/a]] p}

(
{ (x,
{(
{(
pr(c)

{(k,inj; vi,inj; v2) |1 € {1,2} A (k,v1,v2) € V[Ti] p}

(ks (Vay ooy vin)s (Vhs oo Vi) |V € {1 ). (Byvi,v)) € V[Fip)
[k AL (x: 1 (7)) 1, Ao (x: p2(7))- €3) |

V71,72, R € Rel[T1, T2].
Vi < k.V(j,v1,v2) € V[1] plax = (71,72, R)].
(U erlri/a]lvi/x], ez[r2/a][va/x]) € £[0] ploe = (71,72, R)] }
{ (b, P01d ) V1, Pl V2) | Vi < . (G, v1,va) €V [rlisac. /el }
)

{(k,pack (T1,v1) as p1 (3. T), pack (72,v2) as p2 (. 7)) |
IR S Rel[Tl,Tz]. (k,Vl,Vz) (S % IIT]] p[a — (7’1,7‘2,R)] }

Atom™*[0]p

Vio]p

{(k,return vy, return vs2) | (k,vi,v2) € V[r]p}
U

{ (k, raise vi,raise va) | (k,v1,v2) € V[Texn] p}
Atoml[f]p

{(kaelaeQ) |VK17K2‘ (kaKhK?) € ’C[[G]]P - (k7K1[61]7K2[62]) € O}
Atom™[f]p
{(k,K1,K2) | Vj < k,r1,r2. (j,r1,72) € R[0]p = (4, K1[r1], K2[r2]) € O}

{(k,e1,e2) | (e1 A e2l) V (running(k,e1) A running(k,ez))}

{0}
{plaa+ (T1,72,R)]| p€D[A] N RERel[T1,72]}
{(k,0)| keN}

{(k 7yl = (vi,02)]) | (k) €G[TTp A (kyv1,02) € Vr]p}

Figure 18: Combined Language (AST): Logical Relations for Closed Terms
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ATher % ey:0 % AThHe:0 A ATFe:0 A
Vk >0.Vp,y. p€ D[A] A (k,y) €G] p =
(k, pr(y1(er)), p2(r2(e2))) € E[0] p

AT F oy %é’gvgzr def A;TRvi 7 A AT Rv T A
Vk >0.Vp,v. p€ D[A] A (k,y) €G] p =
(k, pr(71(v1)), p2(72(v2))) € V[r]p

FCy %lzoij Co: (AT )= (AT F o) T (AT E@)= (AT ') A
FCy: (AT EF )= (AT F o)
A Yer,ea. A;T ey zg’g €21 =

AT F Ciled] zf;g Calea] : ¢’

Figure 19: Combined Language (A\3T): Logical Relations for Open Terms

Vil € {(k,v1,v2) € Atom[o, o] |
Iva. °ST va —" va A (k,v1,v2) € Vo] 0}
E[o] ¥ {(k,ee) € Atom[o, 7] | (k,e,°ST e) € £ [o] 0}
Gl = {(k0,0) | keN}
GHrx:o] = {(kAlx vl yx e V) |
(k,v,v) € GHTT A (k,v,v) € VT[o]}
Thvayvio & veXMAvEATATHV:oASTTFv:atA
V(k,v,7) € GTIM.(k,v(v),y(v)) € VT[o]
lFerm-.e:0 = eecXAecATATke:oATTFe:0TA
V(k,7,7) € GF[].(k,v(e),v(e)) € E7[o]

Figure 20: Cross Language (A\5T) Logical Relations for Closure Conversion Semantics Preservation

17



7 AT Logical Relation Corresponds to Contextual Equivalence

7.1 \3T Logical Relation: Fundamental Property
Unless otherwise specified, all of the following lemmas additionally assume p € D[A] and AFT.

Lemma 7.1 (Unique Decomposition)
If 5+ Kle] : 0 and e — €, then K[e] — K]¢'].

Proof
Omitted, standard.

Lemma 7.2 (Compositionality of Typing)
If pe D[A], (k,v) € G[T] p and A;T Fe: o, then -+ p1(y1(e)) : p1(6) and -5+ F pa(y2(e)) : p2(6)

Proof
Omitted, standard.

Lemma 7.3 (Admissibility of Value Relation)
If pe D[A] and AF 7, then V1] p € Rel[p1(7), p2(7)]

Proof
Omitted.

Lemma 7.4 (Weakening of Logical Relations)
Ifpe D[A] (AFT1),(AF0), RE€Rel[r1,T2] and p' = pla = (71,72, R)] then

1. V[r]p=VI[r]p
2.E[0]p =€[0] p
3. R[0]p" = R[0]p
4. Kol =K[0] p
Proof
By mutual induction on k, A+ 7, A+ 4.

Lemma 7.5 (Compositionality of Logical Relations)
Ifpe D[A],(Aya b 7),(AFT) and A, & 0 then

1. (j,e1,ex) € E[0] p' if and only if (j,e1,e2) € E[O[T/a]] p
2. (jye1,ea) € V7] p if and only if (j,e1,e2) € V[r[T/]] p
where p' = plac = (p1(7), p2(7), V] p)]
Proof
By mutual induction on k, A, a b 7,A, 6.

Lemma 7.6 (Monotonicity of Value Relation)
Ifjvk € N7 .7 < k) and (k7vlav2) € V[[TH,D then (j,Ul,’UQ) € V[[T]] p-

Proof

By induction on 7.
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Case 1, immediate.

Case 07 + 02 by inductive hypothesis.

Case 07 X 09 by inductive hypothesis.

Case 0 — o', by transitivity of <.

Case pa. 0, by transitivity of <.

Case 0, vacuously true.

Case (T), by inductive hypothesis.

Case 77 + 72 by inductive hypothesis.

Case «, by definition of Rel and pr(a) € Rel[r1, T2] for some 71,72 since p € D[A].
Case V[a]. T — E Toxn 7/, by transitivity of <.
Case pa. T, by transitivity of <.

Case da. T, by inductive hypothesis.

O

Lemma 7.7 (Monotonicity of G Relation)
If j,k e N, j <k, and (k,v) € G[T] p then (4,7) € G[T] p.
Proof

By induction on structure of v, and Lemma O
Lemma 7.8 (Result Relation Embeds in Expression Relation)
R[O]p C E16] p-
Proof

Immediate by definition of K [0] p. O

Lemma 7.9 (Monadic Bind)

If (k, e, 62) eé& [[0]] P

and (VJ < ]{3,7”1,7”2, (j,T’l,TQ) € R[[e]]p == (jaKl[rl]vKQ[TQD e¢ Ha]] p);
then (k, K1[e1], K2[ea]) € E 6] p.

Proof

Suppose (k, K1, K}) € K[0] p, we need to show that (k, K1 [K1[e1]], K[K2leq]]) € O.

Since (k,e1,e2) € £[0] p, it is sufficient to show that (k, K{[K 1], K5[K2]) € K [0] p.

Suppose j < k, (j,r1,72) € R[0]p, we seek to prove that (j, K1[K1[r1]], K5[K2[r2]]) € O.

By hypothesis, (j, K1[r1], Ka[r2]) € £6] p, so (4, K1 [K1[r1]], K5[K2[r2]]) € O by definition of £ [0] p.
O

Lemma 7.10 (Observation Relation closed under Anti-Reduction)
If eg k1 el eg k2 el and (K, e, eb) € O
then for any 0 < k < k' + min(ky, k2), (k,e1,e2) € O.

Proof
Ifel J A ey, thene; || A ex.

Otherwise we know that there exist e}, e such that e] —

Thus e; —F Thitl e} and ey NG ey, and since k < k' + ki, k+1 < kK +k +1 and
similarly & +1 < k' + ky + 1 there must exist e/’ €4’ such that e; —F 1 €/’ and ey —**1 €l so

(k,eheg) e 0. O

! 7
M+l el and e ——k+1 el
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Lemma 7.11 (Expression Relation closed under Anti-Reduction)
If (k,e1,e2) € Atom[f]p, ex —*1 €, ea —*2 €, (K' e}, eh) € E[0] p and k < K + min(kq, k)
then (k,e1,e2) € E6] p.

Proof
By definition of £, Lemma [7.1] and Lemma [7.10]

Lemma 7.12 (Compatibility Source Var)
Ifx:o0€eTl and AT thenA;l‘waifgx o.

Proof

A;T'F x: 0 by definition of the type system.

Suppose p € D [A], (k, ) € G [I'] p. Then, by definition of D, G, (k, p1(71(x)), p2(12(x))) € V[0] p. O

Lemma 7.13 (Compatibility Source Unit)
ATH ()= ()1

Proof
Immediate by definition of V [1] p.

Lemma 7. 14 (Compatibility Source Sum)
IfA;THvV = v vp 1 05 then AT Finjivy =5 9inj,vg : 01 + 09

Proof
Standard.

Lemma 7.15 (Compatibility Source Case)

If AT F vy zij’g v2:01+02,Al“x o F e N?Q el : 0, and A;T,y: 00 F e N?q el :

A;T F casevyof x.ep | y.es = g 9 casevyof x. €] | y. €} : 0.
Proof
Standard.

Lemma 7. 16 (Compat1b111ty Source Pair)
If AT vy Nv vi oy and AT v & v vh oo then AT F (vq,va) %ifg (va,Vvh) 1 01 X 09

Proof
Standard.

Lemma 7.17 (Compatibility Source Projection)
IfAFI—leOg ()'1X0'2th€nAFl_7l’V~fgg7TV o;

Proof
Standard.

Lemma 7.18 (Compatibility Source Abs)
IfA F X:0HF e~ 5 62 o’
then A;T = A(x:0). e lg?\(x:o).egzo—>6’.

Proof
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Suppose k > 0,p € D[A], (k,v) € G[T'] p. Then (k, p1(y1(A(x:0).e1)), p2(12(A(x: 0).e2))) € Atom[o — 0/, 0 — 0]

by Lemma [7.2]

Suppose j < k, (j,vi,v2) € V[o]p. We need to show that (j, p1(y1(e1))[vi/x], p2(y2(e2))[va/x]) €
E o] p.

Let v = v[x + (v1,v2)], then by hypothesis, it is sufficient to show that (j,7') € G[I',x: o] p. This
holds by assumption that (j,vi,v2) € V [0] p and Lemma O

Lemma 7. 19 (Compatibility Source App)

IFATHFvV &9 v 00 and ATV =9 v o

log L
then A;T vy v =% va v 1 0.

Proof
Direct from definition of value relation at function type and Lemma [7.11] O

Lemma 7. 20 (Compatibility Source Fold)
If AT Hvg NV va @ o[ 0/
then A;T k- fold g o vi A% fold,g. o v : pa. 0.

Proof
Direct from definition of value relation and Lemma O

Lemma 7. 21 (Compatibility Source Unfold)
IfAT v = V Vg pacr
then A;T F unfold vy =~ 5 9 unfold vy : ofua. 0/0].

Proof
Direct from definition of value relation and hypothesis. O

Lemma 7. 22 (Compatibility Source Let)
IfAFI—e1 g 62 olandAFx 01I—e1 (lc; e2 09
then A;T b letx=ejine] ~ gletx—e2|n62 09.

Proof
Suppose k > 0,p € D[A], (k) € G [T] .
We seek to prove that (k, p1(y1(letx =ejine))), p2(y2(letx =esine}))) € € [o2] p.

By Lemma [7.9] it is sufficient to show that for any j < k,vi,va, if (j,vi,v2) € V[01] p,
then (j,letx =vyinp1(y1(e)))letx =vain pa(v2(e)))) € € [o2] p.
This holds by the fact that (j,v[x — (vi,v2)]) € G [o1] p as in the proof of Lemma O

Lemma 7.23 (Compatibility Target Var)
Ifx:7 el and AFT then AT Fx~7 x: 7.

Proof
Analogous to proof of Lemma [7.12] O
Lemma 7.24 (Compatibility Target Sum)
If A Fl—vwlogv c7i then AT Finj, v &0 inj, vV i 71 + 72
Proof
Standard. O
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Lemma 7.25 (Compatibility Target Case)
If AT R v %i;og vV iTi4+ 70, AT ,x:7T1 Foeg %éog e 10, ATy 12 F eq %iﬂog eh : 0, then A;T +
casevofx.e; |y.es =59 casev/of x. ¢ | y.eh: 0

Proof
Standard. O

Lemma 7.26 (Compatibility Target Tuple)
Ifn>0,Vie{l...n}. A;TF vy, 'fwifg Voi:Ti

then A;TF (Vig,. ., Vin) ,’t:ifg (V21,---yVan) : (T1,...,Tn)-
Proof
Direct from definition of V [{71,...,7n)] p- O

Lemma 7.27 (Compatibility Target Projection)
If AT vy %i,og Vo i (T1,---,Tn),
then for any i € {1,...,n}, A;T Freturn,__ vq.i zlgo return,_ va.i: ETexn Ti.

Proof

Suppose k > 0,p € D[A], (k) € G [T] .
We seek to prove that (k,return (p1(y1(v1))).i,return (p2(12(v2))).i) € € [E Texn Ti] p-

By assumption, (k, p1(v1(v1)), p2(12(v2))) € V[(T1,...,ma)]p, 50 p1(71(v1)) = (Vi1,..., Vin) and
p2(72(v2)) = (v2.1,...,Van), where importantly (k,viiva;) € V[7i] p.

Next, return (p1(y1(v1))) — return vy ; and return ps(y2(vz)) — vai. So by Lemma[7.11] it is
sufficient to show (k—1,return vq ;,return vy ;) € € [E Texn Ti] p, which follows from Lemmal(7.§f O

Lemma 7.28 (Compatibility Target Abs)
IfA, ;T x:7hHeq zlg"g ey :0
then A;T F Ala](x:7).eq %ifg Aa](x:7).ex: V[a]. T — 6.

Proof

Suppose k > 0,p € D[A], (k,v) € G[I] p.
We need to show that (k,A[a](x:7). p1(71(e1)),A[a](x: 7). pa(12(e2))) € V[V[a]. T — 6] p.
Suppose 71,72, R € Rel[r1,72],7 < k,(j,v1,v2) € V[7] plao — (71,72, R)]. We need to show that
(s pr(a(en))ra/el[va/x], pa(ra(e2)) T2/ allve/x]) € E[0] plac = (71,72, R)]
If we define p/ = pla — (71,72, R)] and v/ = y[x — (v1,v2)], then pi(yi(er))[T1/a]lvi/x] =
p'1(vi(er)) and pr(yi(ez2))[Ta/al[va/x] = p'a(12(e2)).
Furthermore, p’ € D[A,a] and v € G[I',x: 7], which with our hypothesis gives us our goal
(. o1 (i en)) pa(h(e2))) € E6] 4 0
Lemma 7.29 (Compatibility Target App)
IfFAFT and AT F vy =9 vo i V[al. T — 0 and A;T v =39 v - [ /a]
then A;T F vy [7/] v} %éog vo [T'] vl : O[T /.

Proof

Suppose k > 0,p € D[A], (k,v) € G[I] p.
We need to show that (k, p1(y1(va [7] V1)), p2(v2(ve [T] v5))) € E[0[T'/]] p.

By definition of V [V[a]. T — 0] p, p1(71(v1)) = Aa](x:71).e1 and pa(y2(va)) = Aa](x:72). ea.
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Then p1(n1(va [7']v1)) — exlpi(7')/lpr (11 (v1))/x]

and pa(y2(v2 [T'] v5)) ¥ eap2(7")/alp2(72(v2)) /%]

Then by Lemma [7.11] it is sufficient to show that for j < k,

(k=L elpi(7)/dlpr(1(v1))/x], e2lp2(7')/a][p2(12(v2)) /x]) € E[O[7/]] p.

Define ¢ = gl (1 (227 V1) By Lemma 73, V [+'] p € Rellpy (+')][p2(r")], 50 ' €
Then by Lemma [ it is sufficient to show

(k=L ea[pa(7)/dlpr(n (V1)) /%], e2[p2(7")/ al[p2(12(v2)) /x]) € £]6] ¢,
and so by definition of V [V][a]. T — 0] p, it is sufficient to show that (k — 1, p1(71(v])), p2(12(v5))) €
V[r] ¢/, which follows from Lemma [7.5 O

Lemma 7.30 (Compatibility Target Fold)
If AT vy %i,og vy T[pua. T/al
then A;T' + fold,a.r V1 zij’g foldya.r vo : pa. 7.

Proof
Analogous to proof of Lemma [7.20] O

Lemma 7.31 (Compatibility Target Unfold)
If AT vy zifg Vg UQ. T
then A;T F return,__ unfold vy ~' return,__ unfold v, : E Texn T[now. 7/7].

Proof
Suppose k > 0,p € D[A], (k,v) € G[I] p,.
We need to show that (k, return (unfold p;(v1(v1))), return (unfold ps(y2(v2)))) € € [E Texn T[ua. 7/7]] p.

By hypothesis and definition of V [uc. 7] p, p1(71(v1)) = foldya.- vi and pa(y2(ve)) = folda.r vh
where for all j < k, (4, v}, vh) € V[r[pa. 7/7]] p.

Therefore, return (unfold p; (y1(v1))) — return v} and
return (unfold ps(y2(va))) — return v5. Finally, for any (k—1,return v, return v,) € £ [E Toxn T[pa. 7/7]] p
by hypothesis and Lemma [7.8] so the result holds by Lemma O

Lemma 7.32 (Compatibility Target Pack)
If AT - vy zifg vo : T[T/
then A;T + pack (7/,v1) asJa. 7 %ifg pack (7', vp)asJa. 7 : Ja. T.

Proof

Suppose k > 0,p € D[A], (k,7) € G[I'] p. We need to show that

(k, pack (p1(7'),p1(71(v1))) as Jaw. p1 (1), pack (p2(7').p2(12(v2))) as Jax. p2(7)) € V[T 7] p.

First, by Lemma VI[7'lp € Rellp1(7'), p2(7")]. Therefore it is sufficient to show that for any
7 <k (G, (va)); p2(r2(v2))) € V[Tl pla = (o1 (), p2(7"), V [7'] p)]-

By Lemma [7.5] this is equivalent to showing (j, p1(v1(v1)), p2(12(v2))) € V [7[7'/c]] p, which holds by
hypothesis and Lemma, O

Lemma 7.33 (Compatibility Target Unpack)
If AT F vy %ifg vo :da.T and A,a; T, x: T H e z‘lgog ey:0

then A;T F unpack (o, x) = v; ine; ~p? unpack (a,x) = vaines : 6.

Proof
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Suppose k > 0,p € D[A], (k,v) € G[I] p.

We need to show that (k, unpack (o, x) = p1(v1) in p1(e1), unpack (o, x) = p2(v2) in pa(e2)) € € 0] p.

By hypothesis and definition of V[Ja. 7] p, p1(vi) = pack (v}, 71)asIa. pi(7) and pa(ve) =

pack (vh,72) as Ja. po(7), so unpack (o, x) = p1(v1)inpi(e1) — p1(e1)[T1/a][v1/x] and unpack (o, x) = pa(va)i
p2(e2)[T2/a][v2/x].

Then the result holds by an analogous argument to that in the proof of Lemma [7.28] O

Lemma 7.34 (Compatibility Target Handle)
IfAT ey zé"g ex:ET, T

and A;T,x: 7/ F ey 59 e : EToun T

and ATy i 7l el zif’g ey :ETexnT

then A;T F handle e; with (x. €}) (y.e}) ~59 handle e; with (x. e}) (y.€4) : ETexn T.
Proof

Suppose k > 0,p € D[A], (k,v) € G[T] p.

We need to show that

(k, handle (p1(y1(e1))) with (x. p1(v1(€1))) (v p1(71(e1)));

handle (p2(72(e2))) with (x. p2(12(e2))) (v- p2(12(€3)))) € E[ETexn 7] p

Applying Lemma there are two cases

1. Suppose j < k,(j,v1,va) € V[7'] p, then we need to show that

(4, handle return vy with (x. p1(71(€1))) (v- pr(71(€1))),
handle return vy with (x. pa(v2(€5))) (v- p2(12(€5)))) € E[E Texn 7] p-
Then handle return vy with (x. p1(71(€}))) (v. p1(71(€Y))) — p1(11(€}))[v1/x] and
handle return v, with (x. p2(72(€3))) (v- p2(12(€3))) — p2(r2(e2))[v2/x].
Let " = y[x = (v1,v2)]. Then pi(71(e1))[vi/x] = pr(7i(e1)) and pa(y2(€5))[va/x] = p2(15(€5))-
Furthermore, 7' € G [T, x : 7'], so by hypothesis (4, p1(71(€})), p2(74(€5))) € E [E Toxn 7] p The
result then holds by Lemma [7.11]
2. Suppose j < k,(§,v1,V2) € V [Thxn] p, then we need to show that

(j, handle raise vy with (x. p1(71(€}))) (v. p1(11(€Y))),
handle raise vo with (x. p2(72(€5))) (y. p2(12(€5)))) € E[E Texn 7] p-
Analogous to the previous case.

Lemma 7.35 (Bridge Lemmas)
Let pe D[A],AF 0.

1. If (k,e1,e2) € E[07] p, then (k,°ST e1,°ST ez) € € [o] p.
2. If (k,r1,r2) € R[o™]p and °ST r1 +—" vy and °ST ro —>" vy, then (k,v1,v2) € R[0]p.
3. If (k,e1,e2) € E[o] p, then (k, TS e1, TS e2) € E[07] p.
4. If (k,v1,v2) € R[o]p and TS ° vi —" r1 and °ST vi —™ ra, then (k,r1,r2) € R0 ]p.
Proof
Proved simultaneously by induction on o, k.

1. By Lemmal7.9] it is sufficient to prove that for all j < k, (j, v1,v2) € V[0 7],
(4, °ST return vy, °ST return va) € £ [o] p and for all j < k, (j,v1,v2) € V]0] p,
(4, °ST raise vy, °ST raise va) € £ [0] p. The latter is vacuously true since V [0] p = 0.
For the former case, note that (j,return vy, return vp) € R0~ ]p by definition of R[c™]p and
the assumption that (j,v1,va) € V[0T]. The goal follows by case 2 of this lemma, and Lemma
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2. By case analysis of 0. We omit the uninteresting cases such as o1 + 02 and 07 X 09
Case 0= 0" — 0': then 0" = Ja. ({, 01 7) — 027), ).
By definition of V, this means v; = pack (71,(v},v/))as (¢’ — ¢’)" and
vo = pack (12,(vh, vy )) as (0" — o) ", where there is some relation R € Rel[r1, 7] such that
(k,vi,vh) € V[(a, 01 Ty — 097 ] p and (k,v],v5) € V]a] p, where p' = plav = (71,72, R)].
Next, 0" =0’ ST return vy —
A(x:0”).9 ST (unpack (a, z) = vy inlet xf = return z.1in )
let X¢py = return z.21in
let x =TS “' xinx¢ [&] (Xenv, X)

)+

and ° 79 ST return vy —»
A(x:0").9 ST (unpack (a, z) = vy inlet x¢ = return z.1in )
let Xeny = return z.2in
let x = T8 °2 xin x¢ [a] (Xenv, X)
Suppose j < k and (j,v{",v5") € V[0"] p. We need to show that
(4,9 ST (unpack (a, z) = v; inlet x¢ = return z.1in ),
let X¢py = return z.21in
letx =78 v inx¢ [a] (Xenv, X)
*'ST (unpack (e, z) = vy inlet x¢ = return z.1in )
let X¢py = return z.21in
letx =78 2 vy inx¢ [a] (Xenv, X)
e E[d] p.
By inductive hypothesis and Lemma [10.5] there exist (j, v}, vy) € V [[0"+]] p' such that

/// "

7S V" "' return v" and similarly 7S "V —m return vy for some n', m/.
Then ST (unpack (e, Z) =vyinletxs = return z.1in ) —" +5
let Xony = return z.2in
letx =TS v inx¢ [a] (Xenv, X)
STy [ra] (vi,vi’
and similarly © ST (unpack (o, z) = vy in let x¢ = return z.1in ) —ym'+5
let X¢ny = return z.21in
let x =78 72 vy inx¢ [a] (Xenv, X)
ST vy [12] (v§,vY).
The result then holds by inductive hypothesis, Lemma [7.11] and similar reasoning to
Lemma [7.29] and Lemma [7.26]
Case 0 = po. 0’: then o = pa. o't
By definition of V [[p.a. G’+]] p, vi = fold,, o+ v} and vy = fold,, o+ v such that for
every j <k, (4,v},vh) €V [[dﬂua. G’Jr/a]]].
Next, a0’ ST return vy — letx = 9 [#e-0'/el ST returng unfold vy in foldq.o’ x and
a0’ ST return vo — letx = o [#e-0'/el ST returng unfold vo in fold,.ov X
Furthermore, by Lemma [10.5 _ and inductive hypothes1s oo’ /el ST returng v —™ V)
and similarly @ [#e-9"/elST returng vh —™ vh and (j,v;,v4) € V [0'[uc. o’ /a]] p for every
Jj<k.
Therefore letx = © [ha-0"/a]l ST returng unfold vy infold 4./ X —nt2 folda.o Vi and letx =
“/[W"T//O‘}STreturno unfold vy infold 4.’ X —nt2 folda.or V5 So we need to show that
(k,foldpa.o Vi, foldpa.or V5) € V [pe. 0] p, which holds by definition of V [ua. o] p and what
we know about v/, vj.
3. By Lemmal7.9] it is sufficient to prove that for all j < kif (4,v1,va) € V [0] p then (5, TS “ v1, TS ® va) €
E[o~] p. The result then holds by the value case and Lemma

4. By case analysis of 0. We omit the uninteresting cases such as 01 + 02 and o1 X 03
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Case 0 = 0’ —0": TS vy — returng pack (1,(A(z: (1,0”7)). ,())) as (o] — 02)"
TS | letx = " ST returng z.2in
!/
Vi x
and similarly 78 © vy — returng pack (1,(A(z: (1,0”7)). ,())) as (02 — 02)™
7S | letx = 9" ST returng z.2in
vh x
so we need to show that these packs are in V [H3a. (({ar,017) — 027), )] p.
For our relation we choose V [1] p (justified by Lemma [7.3)). By definition of V, it is sufficient
to prove that for any j <k and (5, ((),v1), ((),v%)) € V[{e, o1 ") o/,

5. TS | letx =" ST returng ((),v/}).2in |, 787 [letx ="ST returng ((),v4).2in
Vi x Vh X
€ Eoa7] p' where p’ = pla — (1,1, V[1] p)].
By inductive hypothesis and Lemma [10.5] there exist v/,vj such that (j,v{,v4) € V[o17] o/,

" ’ 1" ’
o 8T return v —" v{ and © ST return vj —"™ vj.

Then TS | letx = " ST returng ((),v).2in | —'+2 v v/ and
Vi x
T8 [ letx = " ST returng ((),v4).2in | —™+2 v}, v4. So the result holds by similar
vl X
reasoning to Lemma
Case 0 = pa. o’: the proof follows similarly to the corresponding case above.

Lemma 7.36 (Compatibility Source Boundary)
IfAT Fey %é"g ey : 07, then A;T - °ST eq %éf’g °ST es : 0.

Proof
Immediate by Lemma [7.35] O

Lemma 7.37 (Compatibility Target Boundary)
IfATFe %lgog ey : 0, then A;T TS % ey zlg"g TS%ey: 0™

Proof
Immediate by Lemma [7.37] O

Theorem 7.38 (Fundamental Properties)
The following are proved by mutual induction.

1 IfATRe: 0, then AT et e: 0
2. If A;\TRwv: T, thenA;Fl—vzij’gv:T
Proof
By induction on the typing derivation, then immediate by appropriate compatibility lemma. O

Lemma 7.39 (Context Fundamental Property)
There are four cases, depending on whether the context takes values or produces values.
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L IfFC:(ATFO) = (AT F), then - C =%, C: (AT F6) = (AT F6).
2. IfEC:(ATHO) = (AT E T, thenFC’%lgoiv C:(ATHO) = (AT ET).
3. If-C: (AT H7) = (ALT H6), then - C =9 . C: (AT 1) = (AT F ).
4o IfEC (AT ET) = (AT F ), then - C &%, O (AT 1) = (AT F 7).
Proof
By induction on the context typing derivation, applying appropriate compatibility at each step. I

7.2 Sound and Complete

Theorem 7.40 (Contextual Equivalence Implies CIU Equivalence)
If AT Feyp =5 es: 0, then AT e G eg: 0.

Proof

Since A;T F ey =& e : 0, A;T Fep: 0 and A;T Feg: 6.
Suppose A F 6,0, Eyand - K : (+;-F60) = (- - 1). We seek to prove that K[6(y(e1))] § K[0(v(e2))]-

First, we split T into ' = {(x1 : 01),..., (X : Op)} and T' = {(x1 : 71),..., (xm : 'rm)} and deﬁne
{a,...,0p}=A

For each x;, define C; = letx; = y(x;)in[-] and for each x;, define C; = let x; = returng v(x;) in[-].
Next, for each «, define Cpyvi = (Aloy](y:1). [[]) [6(cy)] (). Finally, define

=18T Cmiil - ConipCil - . Con[TSTCi[. .. Cu[KT .. ]) - ] -+ ]

Then + C: (A;T F6) = (- F 1), so since ey, e2 are contextually equivalent, Cle1] {§ Clez]. Furthermore,
Cley] ——Ptm+n 1T TS K[5(v(e1))], so Cle] § *ST TS K[5(v(e1))]. Finally, by definition of the
operational semantics, *ST TS K[6(y(e1))] § K[6(y(e1))], so Cles] § K[5(7v(e1))]. By analogous
reasoning Cles] §§ K[0(v(e2))].

Therefore, by transitivity of {, K[d(y(e1))] § K[d(~(e2))]- 0
Theorem 7.41 (CIU Equivalence Implies Logically Related)
If A;T Eey %5%62 0, then A;T Fep = Ng ey : 0.
Proof

SinceA;Fl—elmg’{ieg 0, A;THer:0and A;T Fes: 6.
Suppose (k, K1, K3) € K [0] p, we seek to prove that (k, K1[p1(71(e1))], K2[p2(12(e2))]) € O.
Using A;T F e zgiﬁ es : 0 twice and Theorem m twice, we get

Ki[pi(mi(en)] T Kilpi(ri(e2))]
Ko[pa(v2(e1))] T Kalp2(v2(e2))]
(k? Ki[pi(m(en))], Kalp2(r2
- (k, Ki[p1(mi(e2))]s K2[p2(12

By case analysis of 3:

e1))]) €
e2))]) € O

= w N

Py

Case Ki[p1(71(e1))] 4 AK2[p2(72(e1))] 4: then by 2, Ka[pa(v2(e2))] I
Case running(k, K1[p1(71(e1))]) A running(k, Ka[p2(y2(e2))]): By case analysis of 4:
Case Ki[pi(71(e2))] I AK2[pa(y2(e2))] §: then by 1, Kifpi(vi(er))] I-
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Case running(k, K3[p2(y2(e2))]) A running(k, K1[p1(y1(e2))]): then we have precisely that
running(k, K1[p1(y1(e1))]) A running(k, K2[p2(y2(€e2))]).

Theorem 7. 42 (Logically Related Implies Contextual Equivalence)
IfATFe =~ 5 Y ey :0, then AT e =& ea: 0.

Proof

Since A;T'Feq = 5 ey 0, AT e HandA;Fl—eg:H.
Suppose - C': (A;T = 6) = (+;- = 1). Then by Lemma “F Clel] = log Cles] : 1.

We seck to prove that Clei] § Cles]. Suppose Clep] {}. Then in partlcular there exists some k > 0 such
that —running(Cle;], k). Furthermore, since -;- = Cleq] %if’g Clea] : 1, (k,Clei],Cles]) € O, so since
—running(Cle1], k), Cle2] {}. By symmetric reasoning, if Cles] |}, then Cleq] ). O

Theorem 7.43 (Logical Relation, Contextual Equivalence, CIU Equivalence Coincide)
AT F e’f::lgog e 0 if and only if ;T F e~ e 0 if and only if AT Femgie : 0

Proof

By Lemma [7.40, Lemma [7.41] and Lemma [7.42] O

Theorem 7.44 (Logical Relation is Transitive)

IFATFexie 0 and A;T e ~29 €0, then AT Fe~g9 e - 6.
Proof
By Theorem and transitivity of contextual equivalence. O
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8 Back-Translation From )T to )8

) w= 0] dla— o,x]

=
=5
9]
o

r =

(Ol — o, X])r or,x:1—= ((c—=U) x (U—0))

0o E )
Gla— o,x)e X oo o]
0, = 0

(6[a — 0,X])x Ox[a — X]

Figure 21: Embedding-Projection Environment

def

U pa.l+ (a4 a) + (e x @) + (a = R(a)) + «
R(o) “ s40
R < R

Figure 22: Universal Type and Result Type
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‘ifA;FI—Vf (01— 02) — 01 — 02, then A;T F FIX, o (vs) : 01 — 02

‘lf A;F"Vf : (0'1 *)(72)*)0'1 — 02, then A,F [ LOOP(O'l ‘)O‘Q,Vf) : (ua.a%o& *}()'2)*)()'1 *}O'Q‘

def
FIXs, oy (vy) = Az:on).
letx ;e =LOOP (01 — 02,vy) (foldya.a—o; -0, LOOP(01 — 02,vy))in
letxy =vy Xz in
Xf Z
LOOP(61—>GQ,Vf) dzef )\(Xfolded:ua.a%(n%(fg).
let X;00p = unfold X fo1deq in
Az:01).
let Xfiz = Xloop (fOIdpa.a—MTl — 09 Xloop) in
letxy =vyf Xfizin
Xf z
def
UNIT = foldy (inj; ())
IN(i, v) < foldy (inj, (inj; (inj; v)))
CONS(v1,v2) ' foldy (ini; (inj; (inj; (v1.v2)))
LAMBDA(A(x:U).e) % foldy (inj, (inj, (inj, (inj, (A(x: U).e)))))
def
FOLD(v) = foldy (inj; (inj; (inj; (inj; (v)))))
RETURN(v) < inj, v
RAISE(v) < inj,v
TOLHS(v) 4 casevy of x1.x | x2. 0
TORHS(vy,) def case v, of x1. U | x2. x2
TOSUM(vy,) Cf et x1 = unfold v, in
Ieth :TORHS(Xl) in
TOLHS(x2)
TOPAIR(v.) ' letx; = unfold v, in
|etX2:TORHS(X1) in
letxs = TORHS(x2) in TOLHS(x3)
def

TOFUN(v.) = letx; =unfold v, in

letx = TORHS(x1 ) in

letxs = TORHS(x2) in

letxa = TORHS(x3) in TOLHS(x4)
TOFOLD(v.) = letx; =unfold vy in

letxo = TORHS(x1) in

|etX3 —TORHS( 2) n

let x4 = TORHS(x3) in TORHS (x4)

PRJ(1,vy) = letx =TOPAIR(vy) in 1 x
PRJ(i + 1,vy,) = letx=TOPAIR(v,)in
lety = 72 xin PRJ(i, x)

Figure 23: Interpreter Metafunctions
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[0~ PROJECT(0) : R~ 0|
\ 5r - PROJECT(5,0) : U — 64(0) \

PROJECT (o) 2 A(x, : R). let x, = TOLHS(x,.) in PROJECT (0, 0) xu,
PROJECT (5, ) L A(xw 1 U). letx=dy(a) ()in

letx; = moxinx x
PROJECT (5, 1) 2 Axw 1 U). ()

PROJECT (S, 01 + 02) A(xw : U). letx = TOSUM(x,) in
case x of
x1 . letx; = PROJECT(4, 01) x1in inj; X1
x2 . letxy = PROJECT (4, 02) x2 ininj, x5
PROJECT (4,01 X 02) = A(xu:U).letx=TOPAIR(x,) in
letx; =1 xin
letx; = PROJECT (8, 01) xq in
lety =maxin
lety’ = TOPAIR(y) in
letxa =1y in
let x5 = PROJECT (6, 02) x2in
(x1,%2)
PROJECT (5,01 — 02) % A(xw:U). letx, = TOPAIR(x,) in
letxy =PRJ(1,x},)in
let Xeny = PRJ(2,%,) in
Ay:ds(01)). lety, = EMBED(d,01) yin
let x = CONS(Xenwv, CONS(y., UNIT)) in
letx, =xs xin
letx;, = TOLHS(x,) in
PROJECT (6, 02) X
PROJECT (9, pev. 0) = Alxy:U).letx=EP(J, pa. 0) () in
letxy = T2 XinXy Xu

Figure 24: Projecting from the Universal Type
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§ + EMBED(0) : 0 — R‘
or - EMBED(3, 0) : §6(0) > U |

EMBED(o) = A(x:0).letx, = EMBED(0, ¢) xin RETURN(x.,)
EMBED(S, ) ©F A(x: 6o (a)). letxep = 6x(a) ()in

let Xembed = T'1 Xep in Xembed X
EMBED(5, 1) 2 A(x:8e(1)). UNIT

EMBED(d, 01 + 02) A(x:ds(01 + 02)). casex of

x1 . let x = E'\/lBED((S7 0"1) X1 in

IN(L )
x2 . letx’ = EMBED(4, 02) x2in
IN(2,x")
EMBED(5,01 x 02) % A(x:8e(01 % 02)). letx; =y xin
letxo = xin
letx; = EMBED(S, 01) x1 in
let x5 = EMBED(J, 02) x2in
CONS(x}, CONS(x, UNIT))
def

EMBED(§,01 — 02) = A(xp:00(01 — 02)). letxs =A(xy : U). letx;, = PRJ(2,x,) in in
let x=PROJECT(d, 01) xi, in
lety =x¢ xin
let x;, = EMBED(§, 02) yin

RETURN(x!)
CONS(xs, CONS(UNIT, UNIT))
EMBED(4, pa. o) Lof A(x:ds(pa. 0)). letxep =EP(J, pav. ) () in

let Xemped = 1 Xep iNXembed X

Figure 25: Embedding into the Universal Type

\ St F EP(5, na. 0) 1 1 — (60 (par. 0) — U) x (U = 8o (por. 0))) \

EP(8, pa. 0) = FIX) (50 (o) —U) x (U= 6 o (1a.0)))
AXpa.o: 1= ((0s(pa. 0) = U) X (U= do(pa. 0)))).
)\(Xumt : 1)
let Xembed =
Ax:ds(pa. 0)).
lety = unfold xin
lety, = EMBED ([ — pov. 0, Xpa o], 0) yin
FOLD(y.)
inletXproject =
A(xw 2 U).
lety, = TOFOLD(xy)in
lety = PROJECT (8[a — Hav. 0,Xua o), O) Yu in
foldua.o y
in <Xem,bedyxproject>

Figure 26: Embedding-Projection Pair for Recursive Types
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() -
T,x:0)7 = I'7",x:0
Ty:7)7 = I'",y:U

‘A;Fl—e:cﬂ e’
where & € AS and A;TFe:cand '~ Fé : o

AiThv:o, —» Vv i€{1,2}
A;TEx:0— x ATk injiv: 01+ 02 — inj v/

I I
A;Fl—v:(ﬁ—i—dg—»v' AT x1:01 e 0> e A;T,xo: 02 Fex:0—> ey

! ! !
A;T F casevofxi.er | xa.ex: 0 — casev of xq.e] | x2. ey

AT Fvy o —» V) AT Fvs 02 — Vh A;ThHv:op x o>V ie{1,2}
A;FF(vl,vQ>:01X02—»(vi,vé) AT Fmiv:o;— mv
A;T,x:01Fe:0oy — € A;TFvi 00— 00— V) AT Fvs: 02 — Vh

AT FA(x:01).e: 01 — 02 = Alx:01).€ AT vy va: 0 — Vi vh
AT v olpa.o/a] — vV AT HvV:pa.o—» Vv
AT+ foldya. o v : pa. 0 — foldya.o V' A;T F unfoldv : o[pa. 0/a] — unfold v/
AT ke :op — € AT, x:01Fep: 00— € ATHF e: 07 — ey
AT Fletx=ejiney: 0 — letx=e]ines ATH’STe:o— letx=e,in PROJECT(0) x

Figure 27: Relating A\ST terms to A5 terms (“Back-Translation”)
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ATHFY vir — v|whereve M and A;THv:7and '™ Fv:U

A;Fl—JrV:Ti*» Vu
ATH y:ot -y A;THT ()2 () - UNIT AT H ing; v + 72 — IN(,vy)

ATH Y vitr > v AT (v ) s (71, omn) =V

ATHT (vova, .. . va) s (7,71, ..., Ta) = CONS(v,V))

ax:THF e:0 > e, A;FI—+V:T[ua.T/a}—»vu

AT Ale](x:7).e: V][a].T — 0 — LAMBDA(A(x: U).e,) A;T FT foldua.r v @ poe. 7 — FOLD(vy,)

AT HT veT[r Ja] — vy

A;T T pack (7, v) asJa. 7 : Ja. 7 — vy

‘A;FI—+I‘:0—» Va

whereee NS and A;TFr:0and I Fv,: R

ATHF vt > vy AT H v Ton = va

A;TF return v : E Teyxn 7 — RETURN(v,) A;TH raise v : EToxn T — RAISE(v.,)

[ATF e:0» e|wheree € AS and AT Fe:fand I Fe: R

A;ThFe:0— €
ATHET TS e: 07 — letx=e¢'in EMBED(0) x

A;I‘FJrv:Tl—i—Tz—»vu A;P,x;l:TlF%el:GH» er A;Rxlzﬂ'z#%ezze—» es

AT+ casevofxi.er | x2.€2: 0 — letx = TOSUM(v,,) in casexof x1.e1 | x2. €2

A;Fl—+v: (T1,...,Tn) = Vu

AT R v (71,...,7n) — letx=PRJ(i,v,) in RETURN(x)

AT HY v Vel — 0 - v AT FY v 77 Ja] = va
AT R vy [7] v : 0] /a] - letx =TOFUN(v1)inx va

AT EY v B Toyn How T — vy
A;T F unfoldv : T[pa. 7/a) — letx = TOFOLD(v,,) in RETURN(x)

AT H v 3o — vy Aa;T)x:T7F e:0 —» e,

A;T 7 unpack (a,x) =vine: 0 — letx=v,ine,

A;Fk+e:ETean—»e A;P,xlz‘rk%elze—» e A;F7X2:Texnk+ez:0—» es

A;T F handle e with (x1.e1) (x2.€2) : @ — letx, = eincasex, of
X1 .€1
X2 . €2

Figure 28: Relating AST terms to AS terms
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9 Back Translation Correctness

Atom" [7] def {(k,v,v)|keNA5-Fv:UA-Fv:T}
Atom®[6] Lof {(k,v,r) |[EENA-FVv:RA-Fr:6}
Atom”[0] et {(k,e,e) |keNA-Fe:RA--Fe:0}
Atom®X[0] Y {(k,K1,K2) |k €NATO. FEy: (5 FR) = (- FOAFKo: (5-F0) = (5-F0)}
RelV[7] = {R € Z(Atom"[7]) | Vj < k,v,v. (k,v,v) € R = (j,v,V) € R}
Figure 29: Universal Type Logical Relation Auxiliary Definitions
Vrlp? < Atom"[p"(7)]
Wiale' = phla)
VIO = {(k, UNIT, ()}
Wi+ 7alp” = {(kING,va),ing; v) | }
(k,vu,v) € V[ri]p’
Wiirs, 72, .m0’ {(k, CONS(va,V,), (v1, V2, ..., va)) | }
(v, vi) € V[Ti]pY A (k,Ve, (va,...,va)) € VW [(Ta,...,Ta)]p"
WV[a].T — 0]p" < {(k, LAMBDA(A(x, :U).e.), Ala](x:7).¢) |
V7' R € Rel’[p (7)), 5 < k, (§, vu, v) € V' [7]pY.
(G, eulva/xal, e[ /] [v/x]) € €V [0]p"
where. pV’ = pY[a = 7', R]
Wiea.r]o’ = {(0,vi, v)}
@]
{(k + 1,FOLD(v.), fold u(ye.ry V) | (K, vu,v) € VW[r[ua. 7/a]]p"}
W' = 0
VW[3a. r]pY = {(k,vu, pack (7/,v) as p" (Fa. 7)) | }
3R € Rel’[pY (7))]. (k,vu,v) € V[r]p'le — 7/, R]
RU[O]p" < Atom®[p"(6)]
RY[E Texn 7] 0" dof {(k,RETURN(v,),return v) | (k,v,,v) € V[r]p"}
@]
{(k,RAISE(v,), raise v) | (k,vu, V) € VW [Texn]p"}
£'l6]p" < Atom®[p"(6)]
01" {(keue) |
Vi <k,Ki,Ko (j,K1,K2) €e K[0] p = (4, K1[eu], K2le]) € O}
KU[6]p" < Atom™[p"(6)]
KOl = { (kK1 K>) |
Vi < k,vu,r. (J,vu,r) € R[O]p = (4, K1[vu], K2[r]) € O}
D[] ¥ {0}
PU[A 0] ¥ {pla— 7, R]| o’ €D[A] A ReRelV[r]}
G'L1" = {(k0)| keN}
G, op” = {(ka x> viva]) | (k,7Y) € GUTTY A (kyvi,va) € Vo] 0}
GUIt,x: 71’ = {(ky I vas V) | (k9Y) € GUITTRY A (K, v, v) € VWr]0%)

Figure 30: Universal Type Logical Relation
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q

ATHV A% vio € Ve avp e DAL (k,4Y) € 6V oY
(k7Y (), 0" (7 (V) € V [0] 0
ATre rgle:o = & eMavp eDV[A] (k1Y) € GUI]p".
(k,7Y(€),p° (7Y (e))) € E[0] 0
AT vy Nijﬂ v L v, e NS AVY e DY[A], (k,4Y) € GUIT] V.
(k7" (va), 0 (77 (v))) € V[T

s‘
|

ATFv, ~9r:0 € v, exSavp GD”[[A]]( Yy e gV e
(k" (va), 0" (y ()))GRHB]];)”
ATke,~f%e:0 ¥ e, eXSavpY eDU[[A}],(k,ny ) € GY[T]p".

(k,7"(en), p° (7" (e))) € £7[0] "

Figure 31: Universal Type Logical Relation for Open Terms

36



Lemma 9.1 (Universal Type Logical Relation Weakening)
If Y € DIA], AFT and AFO, AF7/, AFT and R € RelU[T’], then

1. Vr]pY = V)Y

2. RU[0]p" = RY[0]p"

3. EV[6]pY = £V [6]pY

4 KOI01" = KV 01

5. GU[]pY = GV [T]pY

where pV' = pV[a > 7/, R].
Proof

The first 4 are proven by mutual induction on types. Then the GU[ ] case follows by induction on
. O

Lemma 9.2 (Universal Type Logical Relation Compositionality)
If YV € DJA], AF 7', and R € RelU[T’], then if A,a k7 and A, a6,

1 Wl = Wrla/ 7L,
2. RU[rp” = RV[rlar/]s"
3. &7l = EVlrfo/ 1
4 KV = K lrla/ el
where pY' = pV[a = 7', R).
Proof
By induction k, T and @, using Lemma where appropriate. O]

Lemma 9.3 (Monotonicity)
If j < k then

1. If (k,vy,v) € VI[T]pY, then (j,v.,v) € V[T]p".

If (k,vy,r) € RY[O]pY, then (j,v.,r) € RY[0]pV.

If (k,e.,e) € EV[O]pY, then (j,e,,e) € EV[O]pY.

If (k, K1, K5) € KV[0]pY, then (j, K1, Ks) € KY[0]pY.
If (k,4Y) € GUITDpY, then (j,7Y) € GUIT]p".

Lemma 9.4 (Universal Type Value Relation is Admissible)
V[r]pY € Rel’[p"(7)]

Proof

Snf\.cezw

Immediate corollary of Lemma[9.3] O

Lemma 9.5 (Universal Type Logical Relation Monadic Bind)

There are a few different versions, depending on how the two logical relations are interacting, however the
proofs are essentially the same.
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11 (kyen.e) € EVIOLp° and for any j < k.(jov.r) € RV[6]p" and (4, K1) Kolr)) € E[6]p then
(k. Kile), Kale]) € € [6] .

2. If (k,e1,e2) € E[0]p and for any j < k,(j,r1,72) € R[0]p, (4,K[r1],K[ra]) € EV[0]pY, then
(Klea], Kea]) € V0]V

3. If (k,e,,e) € EV[0]pY and for any j < k,(j,v,r) € RY[O]p" and (j,K[v],K[r]) € EV[O]pY then
(k,Kle.], K[e]) € £U[0']p".

Proof

We present a proof of the first case, the others are essentially the same. Let (k, K1, K5) € K [6] p. We
want to show that (k, K} [K1[e.]], K5[K2le]]) € O. By definition of EY[ ] , it is sufficient to show that
(k, K1 [K1], K3[K]) € KU[0] 0"

So, let j <k, (j,v,r) € RV[0]p", we need to show that (k, K|[K1[v]], K4j[K2[r]]) € O. By Lemma
(4, K1, K%) € K[0] p, so the result follows from the assumption and that (j, K1[v], K2[r]) € £[0] p. O

Lemma 9.6 (Universal Type Logical Relation Anti-reduction)
Ife, —ku el and e —* € and k < min(ky, k) + k' then if (k' el e’) € EV[O]pY, then (k,e,,e) € EV[0]pY.

Proof
Direct from definition of O. O

Lemma 9.7 (Universal Type Derived Computation Rules)
For appropriately typed expressions,

1. TOSUM(IN(i, v,.)) " inj; v,
2. TOPAIR(CONS (v, v,,)) —* (vas, V},)

3. TOFUN(LAMBDA(A(x, : U). e,)) —* A(xy : U). &,
4. TOFOLD(FOLD(v,)) —21 v,,

Proof
Trivial. O

Lemma 9.8 (Correctness of Fix)
If - F vy (01 = 02) > 01 — 02 and ;- F Vg : 01, then

mcl—nrg (Vf) Varg —" IetXf =Vy mm—nm (Vf) ian Varg

Proof
Straightforward calculation. O

Lemma 9.9 (Embed/Project Unroll)

EP(®, pav. 0) () —* (A(x:do(pa. 0)). s A(xy 1 U). ).
lety = unfold xin lety, = TOFOLD(x,,) in
lety, =EMBED(-, o[a/pcv. 0]) yin  lety =PROJECT(:, o[a/per. 6]) yy in
FOLD(y) fold,ia.oy

Proof

The result is a simple consequence of Lemma and the following lemma:

1. EMBED(d[ax — pav. 0,Xpua.o], ') [EP(0, . 0) /Xua.o] = EMBED(6, o’ [pa. 0/a])
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2. PROJECT (0[a +— pev. 0, Xpa o)y 07)[EP(J, pev. 0) /Xya.o] = PROJECT (6, 0’ [pev. 0/a])
which holds by a straightforward induction on o”. O

Theorem 9.10 (Interpret = Interoperate)

1. If (k,ey,e) € EY[o7]0, then (k,letx = e, in PROJECT (o) x,°ST e) € & [o] 0.
2. If (k,e,e') € £[o] 0, then (k,letx =ein EMBED(0) x, 7S % ¢’) € EY[o7]0.

3. If (k,v,r) € RY[07]0, then then either
PROJECT (o) v —F and °ST r —F, or
PROJECT(0) v —* Vi, °ST r —* v} and (k,v},Vvh) € R[o]0.

PROJECT (-, 0) vy, —F and °ST return v +——* or

PROJECT (o
4. If (k,vy,v) € VU[[G+]]® then either
PROJECT(-,
PROJECT(-,0) v, —* v, °ST return v —* V' and (k,v,v') € V[o] 0.

5. If (k,v,v') € Vo] 0, then either
EMBED(-, 0)v —F and T8°Vv' ——* or EMBED(:,0) v —* RETURN(v,), 7SV +——* return v
and (k,vy,v) € V[ot]0.

Proof

The first 2 cases follow from the latter cases. The third case follows from the later ones and the
interpretation of 0.

For the last 2 cases, we proceed by nested induction on k, o.

Case (k,v,,v) € V[oT]0:

Case 1: trivial.

Case 07 + 02: v, = IN(i,v},) and v = inj; v/. By Lemma [9.7]
PROJECT(, 01 + 02) IN(i,v),) —* let x=PROJECT (-, 0;) V/, ininj; x. Next, “*T°28T inj; v/ —*
letx = %iST return v’ ininj; x, so the result follows by inductive hypothesis and Lemma

Case 07 x 02: By Lemma[0.7 and inductive hypothesis.

Case 01—09: v, = CONS(LAMBDA(A(x,, : U).e,), CONS(Venw, UNIT)) and v = pack (7,(A(x: (7', 01")). €, Veny)
and there exists R € Atom" [7] such that (k, Veny, Veny) € Rand (k, LAMBDA(A(x, : U). e,), A(x: (7/,017)). e)
W[, 017) — 027 ]pY where pV' = pV[0 — o, T]R.
First,

PROJECT (-, 01 — 02) vy —" Ay :05(01)). lety, =EMBED(:,01) yin
let x = CONS(Venw, CONS(y,,, UNIT)) in
let x, = LAMBDA(A(x,, : U). e,) xin
letx!/ = TOLHS(x,) in
PROJECT(-, 02) X!/

and

172 8T return v —* A(x: 01). 28T | unpack (a,z) = vinletxf = z.1in
let Xeny = 2z.21n
let x = 78 °* xin x¢ [@] (Xenv, X)
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Let j <k and (4§, Viarg: Vrarg) € V [01] 0. By Lemma it is sufficient to show that (j,
lety, = EMBED(:, 01) Viarg in ,
let x = CONS(Venw, CONS(y,,, UNIT)) in
let x, = LAMBDA(A(x,, : U). e,) xin
letx!! = TOLHS(x,.) in
PROJECT(:, 03) X/
28T let x = TS ' Vygrg in (A(x: (77, 017)). €) (Venv, X)) € € [02] 0.
By inductive hypothesis either both EMBED(:, 01) Viarg —J and TS Vyarg —J and
we're done, or EMBED(:, 01) Vigrg —* Vuarg and TS 7' vyqpg —* return via.e where
(J, Vuarg, Vearg) € VW[o1T]0. So it is sufficient to show
(4, letx, = LAMBDA(A(x,, : U). e,) CONS(Veny; CONS(Viyarg, UNIT)) in,
letx!! = TOLHS(x,.) in
PROJECT(-, 03) X/
o2 ST (?\(X: <T/, 01+>)' e) <Venva Vtarg)) €& [[0-2]] 0
Next, (j, CONS(Veny, CONS(Vuarg, UNIT)), (Venv, Viarg)) € VW[{a, 017)]pY by assumption
and Lemma Then by Lemma (9.5} it is sufficient to show for any | < j, (I,v,,r) € R[o2~]0,

(4, letx!! =TOLHS(v,.) in, 28T r) € & [o] 0.
PROJECT(-, 02) x”

Which follows by inductive hypothesis and the definition of VV[0]0.

Case ua. 0: Either kK = 0 and we’re done or there is some k' such that k = k' + 1. In the latter
case, we have v, = FOLD(v},), v = fold,,4 .o+ v/ where (k',v,v') € V[oT [ua. o /a]]0.
By Lemma [9.9 and further calculation,

PROJECT (-, uav. o) FOLD(V),) —=! lety = PROJECT (-, o[a /e o) V., in
foldya.oy

and
He-9ST return fold, . o+ v/ —" letx = olua-o/al g7 v/ in fold, q.o x

Then by inductive hypothesis either both PROJECT (-, o[r/pav. 0]) v/, —*" and ol 0/ad ST v/ k'
or PROJECT (-, o[ar/pa. 0]) V), —* v; and M@0/ ST v/ —* v, and (K, vi,v,) € V [o]ua. o/a]] 0.
Then we have

lety =PROJECT (-, o[/ pcx. 0]) v, in —" fold, .o vy

fold a0 y

and
let x = OlHe-0/a] g7/ infoldq.o x —* foldyq.o Vi

and we have (k' + 1, fold oo vi, fold, a0 v,) € V e o] 0.
Case (k,v,v') € Vo] 0:
Case 1: trivial.

Case 07 + 05: Then vy = injv; 1, vo = inj;v; 2 where (k,v; 1,v;2) € V[0;] 0. Next by Lemma

EMBED(, o1 + 0'2) (II’]_]I Vi,l) " letx' = El\/'BED(7 Ui) Vi1 in
ING, )

and
TS 119 (inj v; 0) —* let x = TS % v; o inreturn inj; x

so the result holds by inductive hypothesis and Lemma [9.6]
Case 07 x 09: By straightforward computation and inductive hypothesis.
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Case 0 — 0’: Then vi = A(x1:0).e; and vo = A(x2:0).e;. Next,

EMBED(-,0 — 0') (A(x1:0).e1) —* CONS(A(x, : U).letx}, =PRJ(2, x,) in , CONS(UNIT, UNIT))
letx=PROJECT(:,0) X/, in
lety =A(xq:0).e1 xin
letx!! = EMBED(-, 0’) yin
RETURN(x!)

and
return pack (1,(A(z:(1,0T)). .Y as(o— o))"
7S | letx = °ST z.2in
A(x2:0).e9 x

For 7, we select () and for R we select Atom"[()], which is obviously in Rel’[()] and
(k,UNIT, ()) € VW[a]@[a > (), Atom" [()]]) = Atom"[()] as needed. Let j < k and

(5, CONS(v!,, CONS(v,,, UNIT)), (v',v)) € V[{e, o) ](D[cx = (), Atomv[()]]). Then by Lemma
and Lemma [9.6] it is sufficient to show that

(j, letx = PROJECT (-, 0) v, in, TS ® | letx = °ST return vin |) € EV[o’ 0
lety =A(xq1:0).e1 xin A(x2:0).e2 x
letx!! = EMBED(-, 0’) yin
RETURN(x")

By inductive hypothesis either both PROJECT(-, 0) v, +—* and °ST return v +—F, or
PROJECT(+, 0) vy —* v; and °ST return v —* v,. and (j,v;,v,) € V [o] 0.

Then (j, e1[x1/vi], e2[x2/v,]) € € [0'] 0, so by Lemma [9.5] Lemma [9.6] and computation, it is
sufficient to show that for any j’ < j, (4/,vi2,v,2) € V[0'] 0,

(j',letx! = EMBED(-, 0’) v;.2in, TS % v,.5) € EV[o’T]0
RETURN(x")

which follows by inductive hypothesis.
Case pa.o: If k=0, we're done. Otherwise k =k’ 4+ 1, v = foldya.o v and v/ = fold,,y.o v,-. By
Lemma and further calculation,

EMBED(:, na. 0) fold g o vi —=" lety, = EMBED(:, o[pa. 6/a]) v;in
FOLD(y.)

and

TSH* foldya.o Vi 21 let x = 7S °*e-9/ely inreturn fold +X

Ho.o)

By inductive hypothesis either both EMBED(-, o[pa. 0/a]) v —F and 78 °lre-o/aly sk
or EMBED(-, o[pa. 6/a]) v; —* v, and TS°Meo/oly o % return v and (k,v.,v) €
V [o[pa. o/a]] @. Thus, we have

lety, =EMBED(-, o[pa. 0/a]) viin —™ FOLD(v,,)
FOLD(y.)

and

let x = 7S °l*e-o/aly inreturn fold, 4. )+ X —* return fold +V

po.o)

and we have (k" +1,FOLD(vy), fold,, o)+ V) € W[(ne. 0)]0.
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Theorem 9.11 (Interpreter Fundamental Property)

1. If A;TRv:ioand A;TEv:o— V, thenA;Fl—v’%ingv:G.

2. IfA;TrFe:0and A;THe:o0—» €, thenA;FFe’%lgofe:G

3 IfATFvVv:T and AT Y viT — vy, thenA;Fl—vu%ifgv:T.

1
9r:0.

4- If AT Er 0 and A;TF v 0 — vy, then AT v, =50

5. IfATHe:0 and AT H  e:0 — e, then AT e, ~5) e: 6.
Proof

By induction over the implicit & and mutual induction over typing/translation derivations.
For each case let pV € DV[A] and (k,~vY) € GY[I']p".

Case A;T'Fv:oand A;T'Fv:o— v. We need to show that A; T F v/ zifg v : 0. Every case follows
by the same reasoning as in the proof of Theorem [7.38]

Case A;T'Fe:ocand A;T'Fe: o — e. We need to show that A;T" ¢ z?j’ e: 0. Almost every case
follows as in Theorem [7.3§]

Case e = °ST e then ¢ = letx =¢, in PROJECT (0) x. We need to show that
(k,letx =~Y(e,) in PROJECT (o) x, °ST p(1V(e))) € & [0] 0.

By inductive hypothesis, (k,7Y(e.),p"(7V(e))) € EV[07]p". Then by Lemma it is
sufficient to show that for any j < k, (j,v,,r) € RV[07]pY,

(4,letx = v, inPROJECT (0) x, °ST r) € & [o] 0.

The result then holds by Lemma [9.10}

Case A;T'Fv:7and A;T T v:7 — v,. We need to show that A;T F v, %ifg v 7. Let pY, k, 7Y
as appropriate. Most cases follow immediately by definition.

Case A;THT Ala](x:7).e: V[a].T — 0 - LAMBDA(A(x:U).e,), where a;;x : T F+ e: 0 — e,.
Given - - 7/, R € Rel’[pY(7))], j < k, (j,vu,Vv) € V[r]p" where pV" = pY[a — 7/, R],
we need to show that (j,7Y(e.)[xu/vu], 0V (VW (e))[a/7'][x/v]) € EV[O]p'. Since e, e, only
have o, x and x free in them, this is equivalent to showing that (7, e, [x./vu], e[/ T'][x/V]) €
EV[6]p'. By repeated use of Lemma this is equivalent to showing (j, e, [%u/Vu], e[a/T'][x/V]) €
EV[O](0[ex = 7', R]), which holds by inductive hypothesis.

Case A;T +T pack (7/,v)asJda.7: Ja. 7 — v,, where A;T v : 7[7'/a] - v,. Choose R =
VU [r']pY, which is a valid choice by Lemma Then the result holds by inductive hypothesis
and Lemma [9.2)

Case A;THT foldya.r v : pa. 7 — FOLD(v,), where A;T H v rlpa. 7/a] — v,,. If k =0,
we’re done. Otherwise the result holds by inductive hypothesis.

Case A;'+r:0and A;T " r: 60 — v,. We need to show that A;T F v, %;gﬂ r : 6. Both cases
follow immediately by definition.

Case A;T'Fe: 60 and A;TH e: 0 — e,. We need to show that A;T F e, zlg"j’ e : 0. Most cases
follow immediately by definition, Lemma [9.7] and Lemma [9.6]
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Case A;THT 7S8%e: 07 — letx=e,in EMBED(0) x where A;TFe: 0 — e,.
By inductive hypothesis, we know (k,v"(e,), pY (7Y (e))) € EV[07]p" and we need to show
that

(k,letx =~"(e,) in EMBED(0) x, 7S “ pY (7" (e))) € & [o] 0.

Then the result holds by Lemma [9.5| and Lemma [9.10)

Case A;TH* vy [7] v : 0]7'/a] - letx = TOFUN(vq)inx vy where
AT HY vy i V][a]. 7 — 60 — vy, and A;T H v s 77/ /] — va.
By inductive hypothesis, (k, " (v1), p" (7Y (v1))) € VV[V]a]. T — 0] pY so in particular yY (v;) =
LAMBDA(A(x,, : U).e) and pY(yV(v1)) = Ala](x:7).e. Next by Lemma Lemma it
is sufficient to show (k,e[x, /7Y (v2)], e[a/7T'][x/p" (VW (v2))]) € V[O]a/T']]p". By picking
oV = pV[a = 7/, VY[7]pY], the result follows by inductive hypothesis, Lemma and
Lemma [9.2)

Case A;T'F* unpack (a,x) =vine: 0 —» letx=v,ine, where A;T' " v : Ja. 7 — v, and A, o; T, x
By inductive hypothesis, pY(vY(v)) = pack (7/,v') as 3. 7 and there exists R € RelV[pY(7/)]
such that (k,v),v') € V[r]pY where pV = pY[a — 7/, R]. Then by Lemma and
Lemma [9.7]it is sufficient to show (k,Y(e,)[V,/x], pV (7Y (e))[7'/a][v'/x]) € EV[T]p". Since
« is not free in 7, by Lemma EV[r]pY = EY[7]p"". Then the result follows by inductive
hypothesis since pV € DV[A, a] and 4V [x — v/, v'] € GU[T]p" by Lemma

Case A;T'F* unfoldv : 7[pa. 7/a] — letx = TOFOLD(v,,) in RETURN(x) where
A;T T v ETexn . T — v,. If k=0, we're done. Otherwise k = k' + 1, by inductive hy-
pothesis vY(v,) = FOLD(V/,), and pY (7Y (v)) = fold o~ v/ and (K, v,, V') € V[r[pa. 7/a]].
Next, by Lemma letx = TOFOLD(FOLD(V,,)) in RETURN(x) ——=! RETURN(V,) and
unfold fold,,o.- v/ — return v’. Then the result holds by Lemma and definition of

KV -
Case A;T'F* handle e with (x7.e1) (x2.€2) : 0 — letx, =eincasex, of,
X1.€1
X9 . €9

where A;THFT e: ETen T — €, A;T,x1 : 7" e1: 0 — e, and
AT, X1 i Texn 7+ €2 : 0 — eo.
By inductive hypothesis and Lemma it is sufficient to suppose j < k, (j,v,,r) € RV[]p"
and prove (j, letx, = v, incasex, of ,handler with (x;.pY(7Y(e1))) (x2.pY (7Y (e2)))) € EV[O]p".
x1.7Y(e1)
X9 . ")/U (62)
There are two cases, we consider the case where v, = RETURN(v,,) and r = return v, the
other case is symmetric.
By computation and Lemma it is sufficient to show (5,7 (e1)[x1 /v, pY (VW (e1))[x/Vv]) €
EV[O]pY.
By inductive hypothesis it is sufficient to show that (j,vY[x1 ~ vy, v]) € GY[[,x; : T71]pY,
which holds by assumptions about v, v and Lemma [9.3]

O

Lemma 9.12 (Universal Type Equivalence and Logical Equivalence Coincide in Source Con-

texts)
S Y %lgogezaifﬂ;rl—e’%l;fezc.

Proof

Follows directly from G [[] @iff GY[]® which is direct from the definition. O

Theorem 9.13 (Back Translation Preserves Equivalence)
If T ¢ %lgoge:cr and T e :0— e, then ;T Fe” %‘lgogezc.
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Proof
Direct corollary of Lemma[9.12] and Theorem [9.11 O

Lemma 9.14 (Back Translation is Identity on Source Terms)

1. Ifeec XS and ;TFe:0— & thene=¢.
2. Ifve XS and sTHv:o— € thenv=V.
Proof
Trivial by induction. O

Lemma 9.15 (Context Back-Translation)
IfA;The :0— € and A;TFey:0— e}, then if ATV F Cleg] : o) — €, and AT F Cleg] 1 0/ — €7,
then there exists C such that & = Cle}] and &’ = C[é}].

Proof

By induction on contexts. The construction can be realized by lifting the back-translation to contexts,
adding a new rule:

ATF[]:0— []
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10 Translation Correctness

10.1 Semantics Preservation

Theorem 10.1 (Type Preservation)

1. IfTFv:ocandTFv:o~sy, v, then sTT Fv:ot.
2. IfTHe:0candTFe:0~sce, then ;T Fe:o.
Proof
Proved simultaneously by mutual induction on the structure of v and e. We consider only the abstraction

introduction case, all others follow trivially by induction.

If I A(x:0).e: 0— 0, then .

v = pack (Tenv,{MZ: (Tenv, 07)). AY1, -, ¥n)))asJa. ((a, 0) = 07 ), )
let Xeny = returng z.11in
let y; = returng Xepy.1in

let y, = returng Xeny.nin
let x = returng z.2ine

Where fv(A(x:0”).€) = (y1,---,¥n),[(yi) = 05,7 = (y1: 01, -,¥n : On), Tenv = (O17F,...,0,7), and
M x:oke:0 ~,e.

We need to show that ;T F v : 3a. ({a,07) = 0'7), ).

Applying the typing rules, this reduces to showing that -; Xeny : Tenv, F/+, x:0tkFe:o”.

I—/+

By weakening it is sufficient to show that -; ,x:0T Fe:o” since Xeny € fve.

By inductive hypothesis and the fact that [',x : 0 F e : ¢/ ~» e, it is sufficient to show that
,x: 0k e:o’. Which holds by the fact that I',x : o e : ¢’ and that " is a subset of [ containing all
of the free variables in e besides x. O

Lemma 10.2 (Translation Weakening)
IfTFe:candThFe:o~ce, then forany ' CT such thatTFe: o, MFe: 0o~ e.

Proof
By induction on e. O

Lemma 10.3 (Context Translation)
If-C:(TFo)=(MFo'),Tke:0and T e: o~ e, then there evists C such that I' - Cle] : 0~ Cle].
Furthermore if T ¢ : 0 and T =€ : 0~ €, then ' Cle] : 0~ Cle/].

Proof
Both follow by induction on C, using Lemma [10.2) in the abstraction case. O

Lemma 10.4 (Boundary Terminates (Source to Target))
If -+
If A;- v : o, then there exist n,v such that TS ° v —" returng v.

Proof

By induction on the typing derivation. We omit the cases for unit, sums, and pairs.
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Case A;-Fv:o; — 09: Then 78172y —s
Az:{(1,01T)).

TS | leta="1ST returng z.2in
Va

Case A;-+fold, .o V' : pa. o'

First, 7S ha.o’ foldyn.or V' +2 letv="TS8 olwe.o/al \/in returng foldyn.~ v. By inductive hy-
pothesis there exist n, v/ such that 78 °*-°/el/ 3n returng v/
Then by definition of the operational semantics, T8 **“ fold 4. vV —""3 returng fold,q., v'.

O
Lemma 10.5 (Boundary Terminates (Target to Source))
If A;- = v : 0T, then there exist n,v such that °ST return v —" v,
Proof
By induction on the typing derivation. We omit the cases for sums and tuples.
Case A;-Fv:0; — 037 Then °17°287 return v —
A(x:01).928T | unpack («,z) = vinlet xf = returng z.1in
let Xenvy = returng z.2in
let x = T8 °* xin x¢ [a] (Xeny, X)
Case A;-Ffold,, o+ V' :pa. o’": Directly analogous to the case in Lemmam
O

Lemma 10.6 (Boundary Cancellation (Source round-trip))
If pe D[A] and -+ o, then

1. If (k,e1,e2) € E0] p then (k,e1,°ST TS ez) € 0] p
2. If (k,vi,v2) € V(o] p and °ST TS ® vy ——" V4 then (k,v1,v4) € Vo] p
Proof
Proved simultaneously by induction on k£ and . We omit the cases for unit, sums, and pairs.

1. By Lemma it is sufficient to prove that for every j < k, if (j,vi,v2) € V[o]p then
(j,v1,°ST TS v2) € E[o] p. Then by Lemma Lemma OST TS vy —™ v, for
some n, v, so the result holds by inductive hypothesis, Lemma and Lemma

2. Values
Case 0 =07 — 09:
By definition of V[o1 — 02] p, vi = A(x:071).e; and vo = A(x:07).e2 where for every j <
(v, vl) € V0wl p, (ealvi /), ealvi/x]) € € [o2] .
Then, as in Lemma [10.4] and Lemma [10.5
°STTS GVQ —
°ST returng pack (1,{(A(z:(1,01T)). ,())) as (o7 — o9)"

TS 2 | leta=°1ST returng z.2in
Vg a
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Aly:01).°28T | unpack (o, w) = pack (1,(A(z: (1,0,7)).

Vo a
let x¢ = returng w.1lin
let Xeny = W.21n
letx =TSt yinxs [@] (Xenv, X)
Then this is v}, so we need to show that (k,vi,v}) € V[o1 — 02] p.
Suppose j < k, (4,v{,v]) € V[o1] p. We need to show
(j7 el[vlll/x]’

,()))as(0p = 02)" in

TS°2 | leta=°1ST returng z.2in

28T | unpack (a, w) = pack (1,{A(z:(1,01T)). ,()))as(o; = 02)in |) €

TS°2 | leta=°*ST returng z.2in
Vg a
let x¢ = returng w.1in
let Xeny = w.2in
let x = 78 °* v in x¢ [] (Xenv, X)

V[[O‘Q]]p .

First, 28T | unpack (o, w) = pack (1,{(A(z: (1,01T)).

TS | leta= tST returng z.2in

Vo a
let x¢ = returng w.1lin
let Xeny = W.21in
let x = 78 °* v in x¢ [@] (Xenv, X)
NN
28T letx =TS vhin | A(z:(1,01T)). [a] ((),x).

TS [ leta= °tST returng z.2in
Vo a
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By Lemma [10.4] 7S °* v’ —" v’ for some n,v4'. Then,

28T letx =TS vhin | A(z: (1,01T)). [a] ({),x)

TS | leta= °*ST returng z.2in
Vg a

4 2 ST TS 2 | leta= °1ST returng v in | By Lemma [10.5, “'ST returng v ——™

Vg a
vy for some m,v,”. Note that this means *ST T8 ' v —™*" V)" so by inductive hy-
pothesis, (7, v{,v4") € V[o1] p. Finally,

ST TS [ leta="1ST returng vy in | —™F2 28T T8 %2 es[v4"” /x], so by Lemma|7.11
Vo a

it is sufficient to prove (j,e1[v//x], 28T TS °2 ea|[v4" /x]) which holds by inductive hypothesis
and the fact that (j,e1[v{/x], e2[vhx/)] € € [o2] p.

Case 0 = po. 0’: By definition of V [ua. 0] p, vi = foldua.or Vi and vo = fold, o o' V5. where
(k —1,vi,vh) € V][o'[ua. o’ /a]] p.
Next as in the proof of Lemma no.o' ST TR0 3 ynt3 poo' ST returng fold, .o+ V5
where 7S ¢ [ne-0'/e] v —"™ return v4. Then as in the proof of Lemma
ne-o’ ST returng fold, o, o+ v ™13 fold, .o v’ where o'lne-o’ /] ST return vl —s™
v/, Then o lhe-0'/al g 78 o' lhe-o’/al i smin 1 o by inductive hypothesis (k—1,v/,v4') €
V[o'[e. /o]l p.

O
Lemma 10.7 (Boundary Cancellation (Target round-trip))
If pe D[A] and -+ o, then
1. If (k,e1,e2) € E[07] p then (k,e1,TS° °ST ez) € E[o™ ] p
2. If (k,v1,v2) € V[ot] p and TS ° °ST return ve —™ return vl then (k,vq,v5) € V]ot]p
Proof

1. Applying Lemma [7.9] there are two cases.

Case Suppose j < kand (j,vi,v2) € V[07] p. We need to show that (j, return vy, 78 % °ST return vs) €
Elo~]p.
By Lemma [10.5] and Lemma [10.4] there exist n, v, such that 7S % °ST return vy "
return v. By Lemma |7.11] it is sufficient to show that (j, return vy, return v5) € € [0] p,
which holds by Lemma [7.8 and part 2.

Case Suppose j < kand (j,v1,vz2) € V[0] p. We need to show that (j, raise vy, 7S ° °ST raise va) €
& [o™] p. This holds vacuously since V [0] p = 0.

2. Values We omit the cases for unit, sums, and pairs.

Case 0 =0, — 09, (0] = 02)" = Ja. (((a, 017) = 027), )
By definition of V || (o7 — 02)+:|:| p, v1 = pack (11,(v%,v}')) as (61 = 02)" and vy = pack (72,(v},v4')) as (o

2
such that there exists R € Rel[r1, 73] such that (k,v{’,vy) € V[a]p' and (k,v],v}) €
V[{e,01F) — 057] p/ where p' = plae — (71, 72, R)].
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Furthermore, v = A(x: (71, 01“‘)) e; and vj = A(x:(72,017)).ez such that for any

J <k GV VB €V [y o1 ) 0, (e Vi /], ealvy /)] € € o2 T o'

Next, as in the proofs of Lemma [10.5] and Lemma

c’1H"2<S"Treturn Vo —

A(x:07).°2ST (unpack (o, z) = vpinlet x¢f = return z.1in ) which we denote Vv,
let Xeny = return z.2in
let x = 78 °* xin x¢ [@] (Xenv, X)

and TS 172 v, —

return pack(l,()\(z (1,0"1)). ,()))as(o; — 02)" and we define

TS | letx = o" ST returng z.2in
Vh X
the value in the return here to be v,. Then 787172 917 928T return v, —? return vj,
so we need to show that (k,vq,v5) € V[Ta. ((e,01T) = 027), )] p.
We define R’ to be the relation {(j,v}’, ()| < k}. Then R’ € Rel[r1,1]. Define p” = plav —
(11,1, R")]. Then (k, v}, () € V][] p”
Next, we need to show that for every (j,v?1,v?2) € V [{a, 011)] p”,

(j,e1[v21/2], TS [ letx = ¢ ST returng (v25).2in |) € € [027] p". By definition of V [ (e, o1+)] p”,
/
Vg X
v = (v, v31),v25 = ({),v35) such that (j,v3;,v32) € V[[Gﬁ]} o
Furthermore by Lemma- 5land Lemma | there exist m, n,v3s, v35 such that 1 ST return v, —™
v, and TS %t vy —" return vis.

78 [ letx = °" ST returng (v22).2in | —mT2 vl vy T8 ey [(v vis) /x].

v X
Thus by Lemma[7.11] and fact that (k,v{,v%) € V [(c, 01F) — 027] p' it is sufficient to show
that (5,1, (v, v72)) € V[{ar, 0171 .
Recalling that vZ; = (v{’,v3), we get (j,v{,vy) € V[a]p' by Lemma Finally
we need to show that (j,v®;,v%3) € V[o17]p'. By inductive hypothesis and the fact
that (4,v31,v33) € V[oT]p”, (j,v31,v*2) € V[ot]p”. Then the property holds by two
applications of Lemma [7.4]

Case 0 = . o, (na. o)t = pa. o' the proof is directly analogous to the case in Lemmam
O
Lemma 10.8 (Boundary Cancellation Equivalence)
1. If A;T Re:o, then A;T Hen§E °ST (TS e)
2. If AsTHe:ov, then A;THengE TS (°STe) 1 0™
Proof
By Theorem [7.43] induction on the step index, Lemma and Lemma [10.7] O

Lemma 10.9 (Cross Language Relation Alternative)

1. (k,e,e) € E7[o]iff (k,e,°ST e) € E[o] 0
2. (kye,e) € ET[o]iff (k, TS e,e) € E[o7] 0
3. -Fem.e:oiff;-Fenif °STe: o
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4. -Fem-e:oiff; - FTS%exife: 0™
Proof

Case Expansion of definition.
Case By previous case, Lemma and Lemma
Case By above and induction on k.

Case By above and induction on k.

O
Lemma 10.10 (Contextual Boundary Cancellation)
1. (kye1,Clva]) € E[0]p T (k,e1,CVS)) € E[0] p where ° ST TS vy —* V.
2. (kye1,Clex)) € E[0]p T (k,e1,C[°ST TS es]) € E[0] p
3. (kye1,Cva]) € E10]p T (k,e1,Clvh]) € E[0] p where TS ® °ST returng va —* returng vi.
4. (kye1,Cles]) € E[0]p T (k,e1,C[TS° °STez]) € €[] p
Proof
By Lemma [7.39] Lemma and Lemma [10.7] O

Lemma 10.11 (Cross-Language Monadic Bind)
If (k,e,e) € E7[o] and for all j < k, if (j,v,v) € VT[0o] then (j,K[v], K[returng v]) € E7[0’], then
(k, Kle], K[e]) € £~ [o].

Proof

Applying Lemma/|10.10|and definition of £ [0"], it is sufficient to prove that (k, K[e], ” ST K[TS °ST ¢]) €
Eo']0.

By Lemma it is sufficient to prove that for all j < k and (j,v1,vs) € V[0] 0, (j, K[v1], * ST K[TS ° v5]) €
Eo']0.

By Lemma_ there ex1sts vo such that 78 % vo —* return v,. Then by Lemman it is sufficient

to show that (j,K[vi], " ST K[return v5]) € € [0’] 0, which holds by hypothesis since (j,vi,vs) €
Vto]. O

Lemma 10.12 (Cross Language Expression Relation closed under Anti Reduction)
If (k,e,°ST e) € Atom[0]), e —*1 &, e ——F2 &', (K €/,e') € £E7[0] and k < k' + min(ky, k2)
then (k,e,e) € £7[o]

Proof
Immediate by definition of the operational semantics and Lemma [7.1]] O

Lemma 10.13 (Cross Language Value Relation Embeds in Expression Relation)
If (k,v,v) € V*[o] then (k,v,returng v) € £¥[o]

Proof

‘We need to show
(k,v,returng v) € £7[0]

that is

(k,v, °ST returng v) € £ o] 0

By definition of VT [o], °ST returng v —* v/ such that (k,v,v') € V [o] 0. Thus the result holds by
Lemma [[0.12 and Lemma [7.8 O
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Theorem 10.14 (Translation preserves Semantics)

1. IfTEv:io,andlTFv:o~y, vihenl Fvriv:o.

2. IfTke:o0,andTFe:o0~c.ethenlTFer.e:o.
Proof

We proceed by mutual induction on the structure of the translation judgments. We omit the cases for
unit, sums, pairs, projections, and case. For each case, suppose (k,~,~v) € GT[I].

1. Values:
Case v=x,lFx: 0~ x:
We need to show that there exists v/ such that °S7T return ~(v) —* v/ such that for any
k>0, (k,v(x),v") € V[o] 0. This holds directly by definition of GT[I].
Case v=A(x:0').e. Then 0 =0’ = 0" and '+ v : 0’ = 0" ~», v where

v = pack (Tenv,{(AM(Z: (Tenv, 0J+>)' {¥1,--+,¥n))) as 3a. {(({a, 0J+> - 0—//%), a),
let yenv = returng z.1in
let y; =returng yenv.1lin

let y, = returng yenv-nin
let x =returng z.2ine

(Y1,---5Yn) = fv(A(x:0").e), T(y;) = o; for each i € {1,...,n}, " = (y1 : 01,...,¥Yn : On),
Teny = {(01F,...,0, ), and ') x: o e: 0"~ e.
Next, @ 7% ST v(v) — va, where

vo = A(x:0). ST (unpack (a,z’) = v(v) inlet xf = return z’.1in )
let X¢ny = return z’.2in
letx' =787 xinx¢ [a] (Xenv,X')

We need to show that (k,v(v),vs) € V[0 — o] 0.
Let j <k, (j,v},v5) € V[0']. We need to show that

(G, v(e)[V,/x,° ST (unpack (o, z') = v(v)inlet x; = return z’.1in ))&
let X¢ny = return z’.2in

let x' = TS v} inx¢ [0 (Xenv, X')

By Lemma 78 vh —* return vj, for some v,. Then by Lernmam7 (4, vy, vh) €
Vo).
Now define +'(y;)
Y1y« s Yn, X = fv(e
Next, define v/(y;)
by Lemma
Next, °'ST (unpack (a, z') = v(v) inlet x¢ = return z’.1in )
let Xopy = return z’.2in

= 7(y;) for each y; € fv(v) and v/(x) = vj. Then v(e)[v}/x] = +'(e) since
).
= 7(y;) for each y; € fv(v) and v/ (x) = v4. Then (j,7',~') € G, x : 0’]

let X' = TS % v} inx¢ [ (Xeny, X')
»—>*/‘(7)’(e[7-/a][. 2 xe] [ Xenv] [ /X 2] Yeny])
:’y e
The last equality is justified by the fact that «,z’, x¢, Xenv, X', Z, Yenv € fv(e) which we know

by Theorem [10.1}
Finally, by Lemma we need to show that (j,7'(e),v'(e) € £+ [o”] which holds by
inductive hypothesis.
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Case v = foldyq.or V't Then It fold, o o v : pov. 0~ fold o+ v where I v : ofpa. o/a] ~, v.
By inductive hypothesis, Jvy. (TS *Ho/e) v ) % vy A (K, (V) v2) € V [o]ua. o/a]] 0.
Then by the operational semantics, 7TS"**? fold,, .o+ v ——* fold1n.o Va.

We need to show (k, fold, o' 7(V'),foldya.or v2) € V [ra. o'] 0.
If k =0, this is trivial. Otherwise the result follows by Lemma

2. Expressions:

Case e=v,[ Fv: 0~ return v where I v : 0~», v: we need to show that
(k,v(v), °ST return ~v(v)) € & [o] 0.

By inductive hypothesis there is a v/ such that °ST v(v) —* v/ and (k,v(v),Vv') € V[o] 0,
so the result holds by Lemma, and Lemma [7.8]

Case e = vy vo: Then

Itk vy va: 09 ~ unpack (o, z) = vy in
lety; =return z.1in
let yo = return z.2in

y1 (Y2,V2>

where vy : 01 >0y~ viand [ F vy : 01~y Va.
‘We need to show that

k,v(v1) v(v2), unpack (o, z) =v(v1)in | € £¥[oy]
let y; =return z.1in
let yo =return z.2in

y1 (y2,7(v2))

By Lemma [10.10}] it is sufficient to show that

k,v(vi) v(v2), unpack (o, z) = v} in | € £E7 o]
let y; =return z.1in
let yo =return z.2in

Y1 <Y2,’Y(V2)>

where 78 %1792 9172 8T return (vy) —* return v}. By definition of the operational
semantics we see that

v} = pack (1,(A(z: (1,0”7)). ,())) as (o) — 02)"
7S | letx = " ST returng z.2in
Vi x
where
vl = Ax:01). 28T (unpack (o, z) = vy inlet x; = return z.1in )

let X¢pny = return z.21in
let x =78 °* xinx¢ [@] (Xenv, X)
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By definition or V*[] and inductive hypothesis, (k,v(v1),v}) € Vo1 — 02] 0.

Next,

°2ST unpack (o, z) = v} in +—° 28T | | A(z: (1,01T)). (), v(v2))
lety; =return z.1in
let y2 = return z.2in TS 2 | letx = °*ST returng z.2in
y1 (y2,7(v2)) Vi x

2 2ST TS °2 (letx = “*ST returng v(vsa) inv) x)
Therefore by Lemma and Lemma [T0.6] it is sufficient to show that
(k,v(v1) ¥(va),letx = ©*ST returng vy(vz)inv] x) € & [02] 0.

Next, by Lemmal10.5) “*ST returng v(va) —* vj and by inductive hypothesis (k,y(vs2),v}) €
V[o1] 0, so letx = “1ST returng v(va)invi x —* v} v4, so by Lemma it is sufficient
to show that

(k7 ’7(\/1) ’Y(V2)7 Vll V/2/) €& [[0-2]] [2)7
which holds by similar reasoning to Lemma

Case e = unfoldv, I F e: o[pa. 0/a] ~, return unfold v, where I F v : pa. 0~ v.
We need to show that for all £ > 0,

(k, unfold y(v), °*®-°/4 ST return unfold v(v)) € £ [[G[ua. O'/Ck]%]] 0

and by inductive hypothesis and Lemma [10.5] **°ST return v(v) —* v/ and (k,v(v),V') €

V [ne. o] 0. By definition of V [pa. o @, this means y(v) = fold,a.o vi and v/ = foldyq.o Vo

where for all j < k, (j,v1,v2) € V[o[pa. a/a]] 0.

Then by definition of the operational semantics, y(v) = fold(ua'gﬁ vy where °l1*-9/elST return vy —
Vo.

Therefore

*

unfold v(v) = unfold fold, o ¢ V1 — vy
and
olua-o/e] ST return unfold y(v) = olue.o/a] ST return unfold (fold(WIG)Jr va)
—s Clna-0/al ST return v
" vy

so by Lemma [7.11] it is sufficient to show that (k — 1,vq,vs) € &€ [o[ua. 0/a]] 0, which holds
by inductive hypothesis and Lemma

Case e = letx=e; iney,l - e: 0 ~, handle e; with (x.e3) (y.raise y), wherel e : 0/ ~ €1
and [,x: 0 Fey: 0~ €9,
We need to show that for all £ > 0,
(k,letx =(e1) iny(e2), °ST (handle v(e;) with (x.v(ez)) (y.raise y))) € £ [o7] 0.
By Lemma [10.10} it is sufficient to show that

(k,letx=7(e1) iny(ez), °ST (handle TS ® 7 ST ~(e1) with (x.~(e2)) (y.raise y))) € € [o7]0)
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By inductive hypothesis, (k,~v(e1),” ST y(e1)) € € [[o"%]] (. By Lemma [7.9] it is sufficient to
show that for all j < k, (j,v1,va) € V[0] 0,

(j,letx = vy iny(e2), °ST (handle TS ° v, with (x.~(ez)) (y. raise y))) € £ [[OJ%]I 0.

By Lemma m there exists v such that 7S vo —* return vo. Define o/ = y[x =
vi],v" = v[x + v2]. Then by Lemmam (k,v',v") e gTI,x: o].
Finally,
letx = vy invy(e2) — 7 (e2)
and )
°ST (handle TS ° v, with (x.v(e2)) (y.raise y)) — °ST v'(e2)

So by Lemma it is sufficient to show that (j,7/(e2), °ST v/(e2)) € £ [0T] 0, which holds
by inductive hypothesis.

O

Lemma 10.15 (Translation and Back-Translation Preserves and Reflects Termination)

1. If -Fe: o~ e then el iffe |.

2. If 5 F"e:0 — e, then e |} iffe, ||

Proof

10.2

By Lemma -+ e~_. e: 0. Unfolding definitions, we get Vk, (k,e, °ST e) € £ [0] @. Choosing
(k,[[],[]) € K[o] 0, we get that Vk, (k,e, °ST e) € O.
Then if e —7 v, since (j + 1,e,°ST e) € O, °ST e ||. Furthermore, if °ST e |} then e |}.
The other direction can be proved by a symmetric argument by starting with Vk, (k, 7S % e,e) €
Efo]0.

By Theorem ke, wlgoug e : 6. Unfolding definitions we get Vk, (k,e,,e) € EV[0]0.
Then we have Vk, (k,letx=[]in (), 78 ¢ » handle [-] with (x.return { )) (y.return {))) € KY[6]0.

Then if e, —7 v,,, (j +2,letx=e,in (), 7S¢ letx =ein ( )) € O and letx = e, in () /=72, s0
75V letx = ein { ) |}, and therefore e .

A similar argument gives the reverse implication.

Full Abstraction

Lemma 10.16 (Translation is Equivalent to Embedding)
Ifec X andThFe:ocandlTke: 0~ e, andl =%, : 01,...,%, : O, then

THEe~§E TS letxy =°1ST return x;in : o™,

letx,, = °»ST return x, in
e

We denote the term on the right as TS letT = ST T ine.

Proof
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By Theorem [7.43} it is sufficient to show that T e ~¥9 TS letl = ST ine: 0.
Suppose (k,v) € G[[T]0. Then by Lemma for each x; : 0; €T,
SiST return yo(x;) —™ v;

for some v; and (k,v;,v2(x;)) € VT [oy].

Therefore

TS letT = ST 72(T")inya(e) —" TS (- y2(e)vi/xa] - )[va/xn]

Next, y2(x;) = v; since I'N I = 0. Define ~v(x;) = v; for each x; € T.

Next we want to show that (k,7,71) € GY[]. For any x; : 0;, we have (k,v(x;) = v, 72(x3)) € VT [oi]
and (k,72(xi),71(xi)) € V[0; 7] 0. But by Lemma oiST return v, (x;) —* v; and (k,v;,V}) €
V [o:]0, that is, (k,v;,y1(xi)) € VT [o0;]. Then we have (k,v,71) € GY[I].

Then by Lemma [7.11] it is sufficient to show that
(k. 75 ° (), 7(e)) € € [0°] 0
which by Lemma [10.9is equivalent to showing

(k,y(e),~(e) € £7[o]
which follows from Lemma [I0.14] O

Theorem 10.17 (Source Equivalence Implies Multi-language Equivalence)
Ifer,eo € XS and T F e ~ET ey 0, then T ey ~§F ey 0.

Proof

We show one direction of the equivalence, the other follows by symmetry.
Suppose C € AST is an appropriate closing context and C[e;] }. We need to show that Cles] |.

By Lemmaand Lemma[9.15] we back-translate -;- = Cle1] : o/ — Cleq] and ;- = Clea] : 0/ — Cles]
where C € \°.

By Lemma [10.15] Cle;] | iffCle;] |} and Cles] | iffC[eo] 4.

Since C € A3 and T e; ~&% ey : 0, Cleg]  iffClea] .

Then we compose the iffs, to get the result:

C[el] U« 1PfC[e1] U« IHC[QQ] U 1ﬂC[eg] ll .

O
Theorem 10.18 (Translation Preserves Multi-language Equivalence)
IfsThe ~§fer:0,The :0~ce; and T Fey: 0~ e, then 5TT ey =58 ez : 07,
Proof
By Lemma [10.16]
STt he~§E TS letl = STTtine: o™
and
ST e =8 TS letlT = ST T ine : 0™
Since ;T Fe; ~§¥ e : 0,
STTETSletl = ST ine~§E TS letl = STTtine : o™,
The result then holds by transitivity of contextual equivalence. O
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Theorem 10.19 (Multl-language Equivalence Implies Target Equivalence)
If 5T ey ~§E ex: 07, then Tt Fep ~% ey : 07,

Proof
Trivial, since every target context is a multi-language context.

Theorem 10.20 (Translation is Equivalence Preserving)
IfThe~e 0, TkFe:o~ceandlT e o~ e then TT Femsi®e i o7,

Proof (1: Decomposed)
By composition of Theorem [10.17, Theorem [I0.18 and Theorem [10.19}
Proof (2: Direct)
We prove one direction, the other case holds by symmetry. Suppose C € AT appropriately typed.

By Lemma [10.16]
STt e TS letl = STTTine: o™

and
ST e ~gE TS letl = STTHine : 0™
Let C = C[TSletl = ST T in[]]. Then C[e] |} iffC[e] | and C[e'] |} iffC[e'] |}
Next, by Lemma [0.15] and Lemma we back-translate,
;- Cle] : 0 — Cle]

and
i FCle]: 0 - Cle].

Then by Lemma [10.15] Cle] |} iffC[e] |} and Cle’] | iffC[e'] ||
Then since I' - e ~§ € : o, Cle] § iffC[e] |}
Then we can compose the above iffs to get the result. In summary:

Cle] I iffCle] | iffC[e] I iffC[e/] I iffC[e/] I iffC[e]] | .

Theorem 10.21 (Translation is Equivalence Reflecting)
IfThe:o~ee, THe o~ e and T T e e t 07 thenTHe~& e 1o,

Proof
Assume F C: (T F G) (+;- F 0’) We need to show that Cle] |} iffC[e] {.
First by Lemma[10.3] - - C[e] : 0/ ~. Cle] and - + C[e/] : 0/ ~, C[e/].
Then by Lemma L Cle ] [} iffC[ | | and Cle'] | iffC[¢/] |.
Then since ;I e =5 e : 07 and C € AT, Cle] |} iffC[e/] ..

Finally, we compose the iffs to obtain our result:

Cle] J iffCle] I iffCle’] § iffCle/] I

Theorem 10.22 (Translation is Fully Abstract)
IfTFe:o~ceandT e :o~. e then T e e o if and only if sTT Fe~§® e 07,

Proof
Immediate by Theorem [10.20] and Theorem
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