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1 Source Language: DCC

This section describes the terminating portion of DCC [1], with slightly altered semantics as described by
Tse and Zdancewic [3].

1.1 Syntax and Dynamic Semantics

DCC is a call-by-name, simply-typed A-calculus, extended with a lattice of monads which allow dependencies
to be expressed in a program. Except for the monadic operations, the language is completely standard.
Figure [1| defines the syntax and dynamic semantics for DCC.

Types s = 1l|sixsy|si+s|si—s2|Tes
Values v = x| ()| (e1,e2) | injie | Ax:s.e | n,e
Terms e = v | prje| caseeofinj; xi.e1 |injyxz. € | bindx=ejine; | e1 e
Eval. Contexts E = []s | caseEofinj; x1.€1 | injyx2.€2 | bindx=Eine | Ee
Lattice L = (L, LT)
Lattice Labels Lo uw= | Lol
Lattice Ordering Lz == | Lg, LT 4
e — €
prji (e, €2) e
case (inj,e)of inj; x1. €1 | injy x2. 82— e;[e/x]
(MAx:s.e1)ex —> eifea/x]
bindx=mn,e1ines +—— esfe1/x]
e — ¢

Ele] — E[e]

Figure 1: DCC: Syntax and Dynamic Semantics



1.2 Static Semantics

{ is at or below ¢ in the lattice £

¢ <s| (type s is protected at f)

0= 0= 0=
(P-Unit) —— (P-Pair) —— L " =% (P-Fun) —— 2
/<1 ? <s1 X s { <s1—s
(A l<s eC Y
(P-Labell) —————— (P-Label2) ————
Z j Tg/ S £ j Tgl S

Figure 2: DCC: Protection Semantics

Term Environment T == -|T,x:s
lFei:s lex:s Fe:si xs
(DT-Unit) ——— (DT-Pair) S 21 (DT-Prj) —— >
FE():1 I (e1,e2) :s1 X s Ik oprje:s;
NFe:s; NFe:si+s ', :sie;:s
(DT—Sum) - (DT—CaSe) ! .2_ —
[Finje:si+s I'F caseeofinj; xi.e1 | injyxz.€2:s
x:s)erl Mx:s1 Fe:s Fej:s1—s NFex:s
(DT-Var) s el (DT-Fun) : 2 (DT-App) Lo 22
Ne=x:s ' Ax:si.e:s1 — s Neier:so
Fe:s NFel:Tys x:s1hex:s {<s
(DT-Prot) ————— (DT-Bind) ML ML —
'Ene:Tys 'Fbindx=-ej;ines : s

Figure 3: DCC: Typing Rules



1.3 DCC Logical Relation

Figure [4) presents the logical relation for DCC. We define a relation, V[s]¢, which relates closed values
at type s, a relation £[s]¢, which relates closed expressions, and finally extend it to open terms (written
' e~ € :s). Note that each relation is parameterized by an observer (.

Atom[s] = {(ei,e2)| Fei:s A Fe:s}
Atom™[s] = {(vi,v2)| Fvi:s A Fva:s}
Vitle = {(0,0) € Atom™ [1]}

Vsxsle = {((er,e),(e2, b)) € Atom*™ [s x '] |
(e1,e2) € E[s]c A (el,e5) € E[s']¢}

Vls+sTc = {(injer,inj; e) € Atom™ [s+5]| (e1,e2) € E[s]¢}
U {(injy ex,iniz e2) € Atom™ [s 5] | (er,e2) € E[5c)
V[s' =s]c = {(x:5. e, x:s".e) € Atom™ [ — 5] |
V(el,e2) € E[s]c. (exlel /], e2er/x]) € E[s]¢}
V[Tesle = {(nee1,ne2) € Atom™ [Tes] | LE ¢ = (er,e2) € E[s]c¢}
Elsle = A{(e1,e2) € Atom [s] | Tvi,vo. e1—"vi A e2—"vo A (vi,v2) € V[s]¢}
Glle = (0,0
ghx:sle = Ambk—eal,nk—=el)| (11,7) €9l A ((e1,e2) € E]s[e)}
NFelrcex:s  Theis AThe:s A

V(71:72) € G[TTe. (v1(e1),72(e2)) € E[ls)e

Figure 4: DCC: Logical Relation



2 Target Language: F,

In this section we present the target language F,, the higher-order polymorphic lambda calculus with unit,
pairs, and sums. The language is completely standard (see Pierce [2], Chapter 30).

2.1 Syntax and Dynamic Semantics

Kinds K = x|K—K

Types t o= 1|tiXte|ti+ta|ti—t2| a|Vauk.t | Aokt | t1t2
Values u == x| ()| (mi,m2)|inj; m | Ax:t.m | Aa:k.m

Terms m == u]|prjm|casemofinj, x1.m |inj, X2. mz | m; my | m|t]
Eval. Contexts E []r | prj; E | caseE of inj, x1.m; | inj, x2. mz | Em | E [t]

m — m’

prj; (m;,msz) +— my;

case (inj; m) of inj, y;.mi [inj, v ma —> mifm/y,]
(Ax:tmi) me —  mp[m2/x]
(Aac:km) [t] — mt/a]

m — m’

Figure 5: F,: Syntax and Dynamic Semantics



2.2 Static Semantics

AFt:k
a: k€A X ARt * AFty o *
(FK-Var) ——— — (FK-Unit) ——— (FK-Pair)
AFa:k AF1:: AFt; X to:x
t1oo® to ok t1: % to ok ,a kit
A+ A F A F AR A =
(FK-Sum) (FK-Arrow) (FK-Abs) ——————
Aty + to % AFti — to*x AFVoa:k.t::
A, Fto AFti: — AFto:
(FK-Fun) e 2 (FK-App) Lot T e 2im
AFAai:k.t:i k1 — K2 AFtity ke
AFT
AFT AFt:x
(FWF-Emp) —— (FWF-Var)
AF AFT,x:t
Figure 6: F,: Kinding
t=t
t1=to t1=to tg—ts
FE-Refl) —— FE-Sym FE-Trans
( )tEt ( Y )tQEtl ( ) t1£t3
t1 =t ty = t- t1 =t ty =t
(FE-Pair) — = — 2 (FE-Sum) — 2~
t] X t2 =t] X t5 ti+ta=t; + ty
t =t ty = t- ti=t
(FE-Arrow) —— 2= (FE-AL) =
t1 > to=t; — ty Voa:k.t1=Va:k. to
t1 =t t1 =t to = t-
(FE-Abs) = (FE-App) — > — 2 (FE-Beta)

Aokt = Aokt

tyto =t th

()\O{Z:H.t}l) to = tl[tz/a]

Figure 7: F,,: Type Equivalence



Type Environment A == -|Aa:k

Term Environment T' == - |IL,x:t
. AFT x:tel AFT AT EFmg :ty A;T'Fms:
(FT-Unit) ——— (FT-Var) (FT-Pair)
A;TH(:1 A;TEx:t A;TF (my,mpz) : t1 X to
A;TFm:t) X te
(FT-Prj) o
A;TFprj,m:t;
A;T'HFm:t;
(FT-Sum) —
A;TFinj, m:t; + t2
A;T'Fm:t t AT, x:t1 - :t AT ) x:ta b it
(FT-Case) miti b X - S - ke
A;T'F casemofinj; x.my |inj, x. ma : t
AT, x:t;Fm:t AFty:* A;TFmy it >t A;TFmo:t
(FT-Fun) Xt 2 1 (FT-App) 1:t 2 2:t
A;Fl‘)\XZthltq—)tQ A;Fl—m1 ms : to
Aa:r;'Fm:t A;T'Fm:Va:k. t; AFtyk
(FT-Abs) (FT-Inst)
A;THFAa:km :Va:k. t A;T Fm[to] : tifte/a]

A;I‘l—m:t1 tlEtQ A"tz::*

FT-E
(FT-Eqv) ATFm:t

Figure 8: F,,: Typing



2.3 F, Logical Relation

In this subsection we present an open logical relation for F,.

Atom[tth]DG = {(mi,m2)| DFt; A DFts A D;GFm;:t; A D;GFm2:t2}
Atom [t]C = Atom [, (t), pa(£)>C
Rel®¢ = {(t,t2,R) | R C Atom [t1, t2]°¢}
RelE{G_) we = {(t1,t2,R)]|

(V& € Rel2iC. (t1 71, t> w2, (R 7)) € Rel2iCA
(Vr' € Rel2i€. m =Ri¢ 7/ =
R 7w =R° R n'}

ko

p =2i¢ p ©f Va i k € dom(p).p(a) =€ p/(a)

7 =DiC def T =7 A ma=7h A Tr =2C 7R

R =Di¢ R/ def Vmi, mz. (m1,mz2) € R <= (mi,mz2) € R’
R=DC%, ,R ¥ vrcRaD® Rn=RCR =

Tl #I5C = VER©

Tlo s k1 — ra 2 — pale)

TAa:kit k1 — k2]5C¢ = Mpm{T[t= nz]]f[ﬁzanW]}

T[[tl to i R2]]pD;G = (T[[tl TR — HQHE;G

(py t2,pg to, Tta = ml]]F],D;G))

Figure 9: F,,: Logical Relations (Higher-Order)



Atomval [t]7 t2]D;G

val D;G
Atom™ [t]

Vel
V[
V[t x t']5¢

VIt + ¢
V[t — ¢
V[Va:k. t] ¢

V[t o] ¢

1 o

DS
DA, a :: k]PC
gl

gr,x: t]]lr,)‘G

A;T'Fm; ~ms:t

c | I

{(ul,U2)| DFti A DFEts A D;G"lh ct1 A D;G"Uz:tg}
Atom™ [p, (t), po(t)]7*¢

{(m1,mz) € pr(a)}
{(0,0) € Atom™ [1]7°“ }
{((m1,m}), (mz,mb)) € Atom*™ [t X t'
(m1,m2) € E[t]7S A (m), m}) € E[t']7}
{(inj, my,inj, mz) € Atom*™ [t 4+ t'|° | (m1, m2) € E[t]DC}
{(inj, m1,inj, mz) € Atom*™ [t + t’]E"G | (m1,m2) € E[t']5C}
{(Ax:p, (t").m1, Ax:p,(t').m2) € Atom™®! [t — t]E;G |
¥(am}, m3) € E[C]DC. (ma[mi /x], mafm /) € E[]2°)
{(Aa::k.my, Aa::k.m3) € Atom™ Vou:k. t}pD;G |
Vm € ReliC.

(my[m1/a], ma[m2/a]) € E[[t]]pD[meW]}
17

D;G
Jo |

Tt ts

{(m1,m2) € Atom [t]?;G |
Imy, m5. m; —* m}j A mz+—*m)H A
irred(m}) A irred(m5) A
(m}, m3) € V[t]7*}
0
{pla:kw7]| p€D[A]”C AT € RelDiC }
(0,0)
(02 b mal v by )| .
(Y1, ¥2) € GITIZ'C A (my,m2) € E[t]FC}

A;TFmy:t A A;TEma:t A

VD, G, p, V1, Vs dom(D)#dom(A) A dom(G)#dom(T') A

p € DIA]™C A (v4,72) € G[T]p¢ =
(P1Y1(m1)7sz2(m2)) € E[M]E;G

Figure 10: F,: Logical Relation



3 Translation: DCC to F,

In this section, we present the type-directed translation from DCC to F,.

Ly =
Lt =

where £ st ::

+

1
+

+

(51 X Sp
(s1+s2
(51 — S2

(Te S

+

+

)
)
)
)

{agx | e Ly} U {ax s — % — %}
{C[/[:Otg/—>az|€;£,€£g}

%

= 1

= Si XS%
= s + s,
= s —sf

= VB ((ax ar B) x (st = B)) = B

ON

(T,x:s)" It x:st

Figure 11: DCC to F: Lattice, Type, and Context Translation

We will often simply write (Tyt)* to mean V3::x. (o< oy 3) X (t — 3)) — 3. Of course, (Tyt)* doesn’t
make sense since t is already a target type, so read this as a macro for V3::x. (< o ) X (t — B)) — 3.
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proof constructors

p1 : VB (a<x B, 1),

Py : VB,ux.Vai:x. Voo,
(< By 01) X (ax B, az)) = (ax B, (ou X az)),
P, : VB,* Vai:x Voag:k.

(ax By az) = (ax B, (o1 — a2)),
P, @ VBp*.VBuux Vaux.
(ax B, a) —
(ax B, (VBix.((ax By B) X (a — B)) = B))
P, @ VB VBuux Vauix.
(Ber = Be) —
(ax By (VB:x.((ax By B) X (a — B)) — P)),

‘ pf[l < s]: (a<x a; sT) ‘ proof-term construction

Pf[[é = 1]] = p; o]
pf[t < s1 xs] = p, [ou] [sf][s] (P < 1], pFC < s2])
pf[¢ <si—s2] = p_, [ou] [sf][s] pEE < 5]
pf[t < Tos] < pr, [ad [aw] [s1] pE[C < 5] if ¢ <sand ¢/
P, (o] [o] [sT] cere ifec e

Figure 12: F,: Protection Proofs

We use the name 3, to allude to the globally quantified ay | ¢ € L, as this type should always be
instantiated with some a,. We will enforce this property via parametricity later.
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where £ £5, <\ T F m s s*

. ke :isi~my I'ex:sp~ mo . T'kFe:si Xxsp~m
(DF-Unit) ————— (DF-Pair) : (DF-Prj) — -
FE():1~ () I'E (e1,e2) i s1 X sp ~ (my,ms) 'k prje:si~ prj; m
Ne:si~m
(DF-Sum) — —
['Finje:sy + s~ inj; m
(DF-C )Fl—e:sl+52«»m Mx:s1Fe:s~my Ix:spFex:s~ mo
-Case
I'F caseeof inj; x.e1 | inj, x. €2 : s ~ casem of inj; x. my | inj, x. mo
x:s) €Tl 'x:ske:so~m
(DF-Var) ¥ (DF-Fun) i 2 —
Ex:s~x 'EAx:si.e:s1—sp~ Axis] .m
(DF-A )rl—e1:51—>52w>m1 Fex:isy~ mo
bp '-eier:sy~ mymsy
lFe:s~m
(DF-Prot) = - -
F'Enye:Tys~ ABuxAx:((ax o B) X (s7 — 3)).((prj, x) m)
(DFBind) e :Tysy~ my ''x:s1 ke :sy~ mo {<s

' bindx=-ejines: sy~ my [(s2)7] (PF[ = s2],(Ax:sT .ma))

Figure 13: DCC to F,,: Term Translation
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3.1 Definition of open contexts

Dy, = {aru*| €Ly} U {&<:%— % — %}
Gy = {Xe:éae | e Ly}
Gz = {P1:VBiux. (&< B, 1),
Py 1 VB ik Vagx Yag:*. (< B, 1) X (&< B, a2)) = (&< B, (o1 X a2)),
P, :VB,ux Vaiux. Vaz:*. (< B, az2) — (&< B, (a1 — az2)),
Pr, (VB VB, (s By t) = (&< ép (VBux. ((ax By B) X (t — B)) — B))
Pr, : VByix. VB k. V. By — B,) = (&< B, (VB:x.((a<x By B) X (a — B)) — B)),
Y = DgGy,Ge
p = Dy
Sc = GGz

Figure 14: Definition of open context
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Lr = Copr > AX:Oup. Xypr v Cle ,Cg
[

Figure 15: Interpretation of Coercions

Py — ABpxDy [B,] [1],

Py — APy Aok Aok Ax:((G<
=1 = P, = ABpix Aarix Aazix Axi(a< B, a2).p_, [B,] 1] [@z2] x,

Pr, = ABpix ABy ik Aax Axi(G=< B, a).Pr, [B,] 8] x

Pr, = ABpix ARy Aax Ax:(By — By)-Pr, [B,] [Be] [a] %,

< B, a1) X (&< By az2)).Py [B,][ai][az] %,

Figure 16: Interpretation of Proof Constructors
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3.2 Observer-sensitive F, relation

[[,CZ—]]Z: = { Oy itk (dg,dg,Atom [dz,de]z) }
U
Q< ik —> ok —> k>
(ABx ABux (< B, B), ABpux ABux.(&< B, ),
Ar(t1,t2, Re). Ar(t], t5, Rg).
{(m1,mz) € Atom [(&< t1 t), (&< ta t5)]7 | t1= éu Ata = GuA
IsTti=sT Al <51 A
IsTth=s5 AL <A
(02 ¢ = Rp = Atom [t} t5]7)})

Figure 17: F,,: Relation Interpretation of Lattice and ¢ <'s

.cj;.c;,f,ﬁ Fmy ~; my:st def EZ;EE,jJr,FJr Fm;:sT A EZ';[:E,j*,FJF Fms:st A
- Vo, ¥e Y<o Y1, Yo P = [EFIE A ve = [LE]A vo =[27T A
(Y1,v2) € g[[r+]]§ =
(FHYQYle(ml)’p2YngY2(m2)) € E[[s"']]f

Figure 18: F,: Observer-sensitive Logical Relation

3.3 DCC to F, Logical Relation

In this subsection we define an open, cross-language logical relation, relating DCC to F,.
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Atom™ ]
Atom™ [s]

Vs
Vs x s']s

Vs +5']s
Vs — s]s

V?[[Te S]] 5

Elsls
Gl
g(*[[l“, X S]]5

NXre~m:s|é&

Fex~m:s

Ay:st ABuxAx:((a<x e B) X (sT — 8)).((pri, x) ¥)

c

(e,m)| -Fe:s A Tpk&(st) A Tp;BgFm:s(st)}
(v,u)| -Fv:is A TpF&(st) A Tp;Zetu:s(st)}
(

0, () € Atom™*! 1] }
((e,€'), (mm’)) € Atom™ ! [s x §'] |
(e,m) € Ef[s]s A (¢/,m’) € E{[s']s}
{(inj, e, inj, m) € Atom™™ [s+ '], | (e,m) € Es]s}
{(inj, e, inj, m) € Atom™* [s+ '], | (e,m) € EXs'Ts}
{(Wx:s. e, Ax:8((s)T).m) € Atom™ ! [s' — ], |
Ve',m'.(e/,m’) € 62’[[5']]5 = (e[e'/x],m[m'/x]) € 52’[[5]]5}
{(nye, AB:x.m) € Atom™ ! [Ty 5], |
Let p = [L/]7.
Hm’.ZD; e bk m’ : 5(5+) A
(m[(Tes)* /B8] (PF[¢ < Teshm®),m* m') € E[(Tes)™I; A
(e,m’) € 5?[[5*]]5}
{(e,;m) € Atom™[s]; |
Iv,uer—"v A m—"u A (v,u) € V?[[s]]f,}

{(0.0)}

{(vIx—el,y[x—>m]) | (v,v) € GEIMs A (e,m) € Els]s }

{
{
{
{

Mre:s A Bp; Ve, Mt Fm:s(st) A
VC,%Y- (77}’) € gz—llr]]é -
(7(e), 8(y(m))) € ELTs]s)

Fe:s A ﬁz;ﬂ;,j+,r+l—m:s+ A
(V&,yg,yj._ )
S={ac— oy | L€LIU{a<r— a<} A
ve=ILEl A v<=[2Y] =
FISkexs(ye(va(m)) :s| 6

Figure 19: Logical Relation between DCC and F,,
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4 Back-translation

In this section, we present a back-translation relation between target terms of translation type and source
terms. We need this back-translation when proving that the translation is equivalence preserving.

4.1 Context typing

\A;FFE;tF»tQ\

LA THEE :t=(t1 X t2)
(FTE-Hole) — (FTE-Prj) :
AT E []r:t=t A;T Fprj, E : t=t;

A;THE :t=(t1 + t2) A;T,x1:t1Fmy : t/ A;T,xg:to Fmo: t/

(FTE-Case) - = :
A;T' F caseE of inj; x1.mj1 |inj, X2. ma : t=t
A;THE :t=(t1 — t2) A;TFmy:ty A;THE : t1=(Vaik. ta) Akt ok
(FTE-App) (FTE-Inst) v
A;I‘I—Emlzt:>t2 A;Fl‘E[t]:t1:>t2

Figure 20: F,: Context Typing

INEE:s=(s1 X s2)

(DTE-Hole) ————— (DTE-Prj) -
Mk []s:s=s I'tprj, E: s=s;
TFE:s=(s1+s IMxi:sibe:s Ixo:spFep:s
(DTE-Case) (s1+s2) - .X1 1 -1. le 2 e
'k case Eof inj; x1.e1 | inj, x2. €5 : s=>s
'FE:s=(s1 —s kei:s 'FE:s1=(Tes x:ske:s ?=<s
(DTE-App) (512 52) L (DTE-Bind) 1= (T2 s) : 2 -
'+Ee;:s=s I'bindx=Eine:si=s,

Figure 21: DCC: Context Typing

4.2 Back-translation

(T's)+ =VBux. (6= &y B) x (sT = B)) = B

Figure 22: Back-translation types

17



Pf Environment Gk == | Gg,k: (sjr — (Te s)%)

Figure 23: F,: Back Translation Context Grammar

P < s] < 8(y (v<(PE[¢ < s]))) | where 8 = {ae > & | £€ Lo} U{ax s a<}

Yc = [['CE]]
Y< = [[j;]]

Figure 24: Back-translation proof constructor
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F,, One-layer context F

prj; [ | []rm | [z [t] |
case[-|rof inj; y.mi | inj, y. ma
prii[]s | [Js e | bindx=[]sine |
case[-]sof inj; y.e1 | inj, y. e

DCC One-layer context F

E% = FO[FI[Fn” ‘ where ED; Eg, Gk, F;L = Fo: 1',1:>S;L

Vi €[0,n].2p; Sa, Gi, TT F Fy @ty =t
Vi€ [0,n+1]. Bsit; =s;

t ¥ i i 7 X N _
Gk T Fm:stfe|where I = - | TT x:sT (F+)T ()+ i .
¥p;2a, G, THFm: st M,x:s")! = (IM)!,x:s
(F*)Tke:s

S Gl Fm:site

3 Gy T Finj, m:sf + s inje

. X (FD-Sum)
(FD-Unit) 3; Gy; TT F () : 11 ()

S GG Fmyistter 3G Fma:site (x:sH)yert
! kil (FD-Var) i i
3G T (ma,m2) :sT X sTT (er,e) 3G T Ex:sTF x

(FD-Pair)

E;Gk;r%,x:s%}—m:sjf e

E;Gk;]"jr + }\x:sf'.m : sf’ — sj’T AX:si.e

(FD-Fun)

Gk (st = (Tes)T )T Fm[(Ts) /8] (pf[¢ < Tes]k) : TesTt e
3G T AB+m : TysTt e

(FD-Return)

k:(sT — (Tes)™) € Gy
2 G T R kst = Trsth Axisog,x

(FD-K)

;G TH my (o< oy sjr) X (sHA' — sjr)
G Fm: (Tps) e 3G T Fprj,mp : st —sT1e

3G T Fm(st mp st bindx=eine x

(FD-Bind)

S G T FF:sT=si1F 3Gl Fm:site
3 G T F Flm] : sT 1 F'le]

(FD-Subterm)

E*[u}Hm1 Z;Gk;r;l—mlzsze

3; Gg; rt E"‘[u] : sj’T e

(FD-Val)

3; Gy; I casemof inj; x1.m; | inj, x2. m2 : t where As't = st

3 G T F casemof inj, y,. E¥[muly, /x1]] | inj, yo. Ef[malys/x2]l:sTte  (freshy),yh)

(FD-Stuck)

E;Gk;rjr + E¥ [case m of inj, x1.m; |inj, x2. ma] : SJ}T e

Figure 25: F,, to DCC Back-translation
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;G TT FF ist=s71 F' |where p;Sa, Gy, T FF:sf=s)

M EF  si=s

E;Gk;l"jr Fmso : sfrT e

(FD-Prj) ; (FD-App)

55 G T F prj; [ s (57 X st)=s71 pri; []s G F [Jrma: (sT — sh)=sT1 [Jse

(FD-Case) E;Gk;r;,x:sfl—mlsz}Tel E;Gk;rix:sj}—mz:s%feg
-Case

3; Gy; It - case []T of inj;, x1.m; | inj, x2. my : (Si‘— + sj)#s;f
case [-]s of inj; x1. e1 | injy X2. €2

Figure 26: Back-translation of F' contexts

20



\%%

Wi

Wr
WO W

AtomT [1:]6E

RelT =

RelT El — K2

def
def

def

(Gl T'F)

Gi | W = (GjT%)

MW = (Gig )

Wi 2 Wi AWr 2 Wt

{((Gi;TF),m) | Ep; B, Gie, TT - m: 8(t) }

- 12
{*,R) | R C Atom! [s"’] L A V(W,m)eR. YW 2 W.
(W m) e RAIIp; g, Wi, Wrkm: sTh e}

{t,R) | R C Atom[[t]Z A Ast=s"A
¥V (W,m) eR, W D W.(W,m)eR A
v E* t.
(Bp; Sa, Wi, Wr F EF 1 t=s't A
VW, u (W2DOW A Zp; e, Wi, Wrku:t) = Je. 3; Wi; Wi FEf[u] : st e) =
3. By Wiy Wr - Ef[m] : 571 ¢’}
{(t1> Rl) |
V(t2, Rz) € Rell = ((t1t2), Ry (t2, R2)) € Rell A
V(th, Rb) € Rell = .
(t2,R2) =, (t2,R2) = (Ra (t2,R2)) =%, (Ra (t2,R2))}

5=>¢ = Va:k €dom(8).5(a) =2 8/ ()

(t,R1) =2 (t2,R2) = ti=ts A Ri =2 Re

R: =X R» = VYW,m;. (W,my) €R;y <= (W,m;) € R»

R =2 ,,..R: ¥ vt ,R)eRelZ. (R: (t',R))=Z (R: (t,R))

Tt 2 %] = el

TT[[C! R — K2]T = &r(a)

TRkt ke = k2] = Ar(b, R AT b 5 k2l By enra}
Tt t2 = k2] E = (TT[t1 2 k1 = Ko]®

(8(t2), T 1tz = k1] %))

Figure 27: Back-translation: Logical Relations (Higher-Order)
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Atom v [t]>

Tctx «P =
Atom [t,s L
ol[s*I?
elsTIF

Vie]?

Vit x t12
Vile +¢17

Vi — 7
VT[[Va::n. t]Z

Vil ¢17
Ella]?
elfe)?

KK, sH7

g7

QT[[I",X t] 7
DI[]*
’DT[[A,a :R]E

De,A;Gg,Gj,Gk,r;,F ':T m:t

{((Gi;TH),u) | Bp; Ba, G, T Fu:8(t) }
{(Gi;TH),E*) | Sp; Ba, Gi, TH - EF - 5(t)=s }

~1 2 ~
{(W,m) | 3e.(W, m) € Atom| [s+] A Wi Wrkm:stie}
&

ols*F

SR(Q)

{ (W, (m1,m2)) € AtomT"al[t X t’]?
m) € Atom [t + t)% | (W, m) € £1[t]Z }
m) € Atom ™[t + ¢17 | (W, m) € £T[v]3}

{ (W7 injl
{ (Wa il’lj2

{(W,Ax:t".m) € AtomTval[t' — t]7 |

YW’ 2 W, (W,

m') € EN)E. (W',

| (W, m1) € ETE]T

m([m'/x]) € £[t]F}

A (W,ms) € ETE]T}

{(W,Aa::k.m) € AtomTval[Va::n.t]g: |

YW’ D W, (t',R) € Rell =.(W',
(Tt 2w/ — ]2 (52(8), T =
BR(OC)

{(W,m) € Atom[t]7 |

mlt'/a]) € EME]Z s ry}
K1)

YW’ 2 W, (W',E*) € K[t,sT[F.(W/, E#[m]) € OT[s*]F}

{(W,E*) € Atom ¢, ||Z
YW’ D W, (W,

{0}
{(W,y[x—=m]) [ (W,7)

{0}

e gl[ry?

m) € VI[t]Z.(W/, E#[m)) € OT[s]7}

A(W,m) € ET[t]7}

{(8[a— (t,R)] |6 € DIAIEA(,R) e Rl EASp Ft k)

vrj—’ rj? 6777"/’

rTwrd =Tt As e DIAIPA

(Gi;T3),7) € IR =n
((Gx; r*) y) € gIryy e <=
(G

r), 8(v(v(m)))) € £t

Dy;G¢, G

Figure 28: Back-translation: Logical Relations
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5 Theorems

5.1 Noninterference

Theorem 5.1 (Noninterference)
IfTFe:sthenThe~ce:s

Proof

By induction on ' F e : s. The case for bind is the only interesting case, which has two cases: if ¢ C (,
then the result follows by induction, otherwise the result follows from Lemma[5.2] O

Lemma 5.2
If ¢t < s and ¢ I { then V(e1,e2) € Atom|[s].(e1,e2) € E[s]¢

Proof

By induction on ¢ <'s. There are two interesting cases; the others follow easily by induction.
Show for arbitrary e, e, (e1,e2) € Atom [Ty s] implies (e1,e2) € E[ Ty s1]¢-

Since our language is terminating, we know e; —* 7, ] and e; —* 7, €, so it suffices to show
U'C ¢ = (e,e5)E s1]c-

Case P-Labell
We must show (e, e5) € E[s1]¢. By assumption, ¢ IZ ¢, and by P-Labell, we know ¢ < s;. By
induction we know V(e1, e2) € Atom [s1].(e1,e2) € E[s1]¢.

Case P-Label2
By assumption ¢ 7 ¢, therefore ¢/ IZ ¢. This immediately implies that (e, e2) € V[T s]c.

5.2 Transitivity and Symmetry

For technical reasons, we need to know the target relation is symmetric and transitive. Normally this is
proved by showing the logical relation respects contextual equivalence. However, leaving the relation open
with respect to D; G makes proving this difficult or impossible.

Instead, we define functions sym() and trans(,) that compute symmetric and transitive versions of given
relations, then extend these functions to ps. We then prove the symmetric-transitive result of [[ﬁzr]}? is itself

[[L'Z']]?, yielding restricted, but strong enough, symmetry and transitivity lemmas.

5.2.1 Target Symmetry

sym(R :: %) {(m1,m3) | (m2,m;) € R}
sym(R :: k1 — k2) = Agr(t, t2, R').sym(R(t2, t1,sym(R’)))
sym(@) = 0
sym(p [a = (t1,t2,R)]) = sym(p) [ (t2, t1,sym(R))]

Figure 29: F,,: Symmetric Relations

Lemma 5.3 (sym Identity)
sym(sym(R)) = R.
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Lemma 5.4 (General Target Relation Symmetry)
If Atk and p € D[A]PC then sym(T [t : k] )7F) =2 Tt = ]]Sym(p)

Proof

By induction on the derivation A Ft :: k

FK-Unit) ——
Case ( Unl)A"lI:*
We must show sym (7L :: #]25S) =0T ]]sym(p)
It suffices to show sym(V[[lﬂD;G) =2 vﬂl]]sym(p

By definition, it suffices to show, for all (mz, m;) € V[1]D5¢, that (mq, ms) € V[1]2) which

follows by definition of V[1]5¢.

Sym(P)’

FEV a:tk€EA
Case (FK-Var) AFa:k
We must show sym(7 o :: k] i¢) =25C T o = ]]gf(p).

By definition it suffices to show sym(p(a)) = sym(p) (), which follows by definition of sym().
AFty:x* Aty %
(FK-Pair)
Case AFt]y Xty *
Follows from the IH.
Aty x AFtg %
(FK-Sum)
Case ARty 4+ tg %
Follows from the IH.
Aty x Aty %
(FK-Arrow)
Case AFty — ty:*
It suffices to show sym(V[t; — tg]]f,);G) C V[t — tg]]sym(p)

We show only one direction, since the other is exactly symmetric.

For arbitrary (7\X:t1.m2,7\x:t].m1) € V[t1 — tg]]pD;G, we must show (Ax:timq,Ax:tims) €
V[[t1 — tz]]

For arbitrary (m, m’) € £[t{]

Sym(P)
nai gy that (my[x/m], my[x/m']) € E[ta]17 -
By the IH applied to A I t; :: %, it suffices to show (mz[x/m’],m;[x/m]) € £[t,]5C.
By the IH applied to A F t; = %, we know sym(E[t,]5¢) = =D:¢ 8[[t1]]§ym and therefore
(m’,m) € SﬂtlﬂE;G.
Instantiating (Ax:t;.may, Ax:t1.my) € V[t; — tg]]’];);G with (m’, m), we conclude (mz[x/m’], m[x/m]) €
Et2]DC.
Aa:rkbEt:*®
Case AFVaik.t:*
It suffices to show sym(V[Va::k. t]i¢) = ¢ Vva::k. t]]sym(p

We show only one direction, since the other is exactly symmetric.

(FK-Abs)

For arbitrary (Aa::k.mo, Aa::k.my) € V[Va:k. t]]pD;G, we must show (Aa::k.mq, Aa::k.my) €

V[Va::k. t]]sym(p)
For arbitrary m € Rel2'¢| we must show (m[a/7], maa/ms]) € Sﬂtﬂgfp)[aHﬂ].

Let w’ = (mq, 71, Sym(ﬂ'R))-
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Instantiating (Ac::k.mg, Aa::k.my) € V[Va::k. t]Di with 7' we know (mz[o/7s], my[o/71]) €

Eltl;

Therefore, it suffices to show sym(E[[t]]p[aH>7T ) =D:¢ g[[t]]sym(p)[ou—)w}

applied to A, :: kK =t 2 %, with p [+ (72, 71, sym(7R))]-
Ak Fti kg

AFAa:kt K1 — Ko

We must show sym(7T [Aaz:k.t i k1 — k2] i9) =29, | TAaskt kg — P

p[aH"’]

which follows from the TH

(FK-Fun)

Case
Sym(P)
By definition, it suffices to show
D;G —D; .. D;G
AR(ty, b2, RY)sym(TTt = 52l (50 e sym(my)) S o w2 AR(ED 62, R)TI = Bl ) o ent,m))-
For arbitrary m € RelD:¢ | it suffices to show
sym(T [t = ko] [aH(ﬂg,wl,sym(ﬂR))]) T[[t K'z]]sym(p[ouﬁ(tg,t1,sym(R’))])
By the IH applied to A, :: k1 F t: I<L2, we know

sym(TTt = k2Dl o ensymroy) =eic TIE 2 B2l pfans o tusymm )
By definition and Lemma we know sym(p [ac = (b2, t1,sym(R))]) = sym(p) [ — (t1, t2, R')],

therefore
—D;G
Sym(T[[t Hzﬂp[aH(w;,ﬂl,sym(ﬂR))]) K2 [[ CR ]]sym(p [a—(t2,t1,sym(R))])"
Atk — Ko AFty ke
(FK-App)
Case Attty ko

We must show sym(7 [ty to i k2]5C) =D5C Tty t, [Qz]]sym(p)

Let m = (py t2, pa t2, T[t2 :: k1]F) and 7' = (py t2, py to,sym(T[to =t k1]55F)).

By definition of Tty to :: Kz]]D iG it suffices to show

sym(T [ty k1 — k2]D°C 7) E],fzc Tt k1 — K’z]]sym(p) (1, w2, Tt = 'il]]gf(p))-

By the IH applied to A F to 1 kq, it suffices to show sym(7 [t;:: k1 — mzﬂE;G m) =DiG

kKo
Tt k1 — K,z]]sym ) .
By the IH applied to A - t;:: k1 — Ko we know
sym(7t1:: k1 — 'iz]]D;G> =DiC, L, Tt ke = a0
By definition of =2/, . we know
sym(T [ty :: k1 — k2] iC) 7/ =G, Tlti: k1 — nz]]sym o ™
By definition, we know sym (7 [t :: k1 — k2] 5iF) = Ag(t], th, R').sym(T [t :: k1 — k2] (5, 1], sym(R")))
Therefore, sym(7[t, :: k1 — k2]'C 7) =2 Tty ky — F-‘,z]]sym(p) .

O

Lemma 5.5 (Lattice Interp. Self-Symmetric)
Let p = [L]Z. sym(p) = p

Lemma 5.6 (Target Expression Relation Symmetry)

If (my, my) € E[]DC then (ma,my) € E[INS

Proof

D;G
sym(p)

By Lemma [5.7| (General Target Relation Symmetry), we know sym(£[t]D:¢) =°¢ £[t]L)

We must show (mso, m;) € E[t]

(o)
By definition of =27 it suffices to show (ms, m;) € sym(E[t]5)
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By definition of sym(R :: *), (m2, mq) € sym(R) if (m;,m,) € R.
Take R to be £[t]:

It suffices to show (my, m3) € E[t]5:, which follows by assumption. O

Lemma 5.7 (Target Relation Symmetric under Lattice Interp.)
Let p = [[EZ']]?
If (my, my) € E[t]Y then (mz,my) € E[t]>.

5.2.2 Target Transitivity

fstr(R)x = {(ma,()) | (m1, m2) € R}
fstrR(R)ky — rs ArT fstr (R 7).k,

sndr(R). = {((),m2) | (m1,mz) € R}
sndr (R)k; — e = Arm.sndr(R )k,
1. = 1
i, - ke = Aaikylk,
trans(R1,R2)x = {(mi,ms) | (mi,mz) € R1 A (m2, m3) € Rz}
trans(R1, R2)n; — w; = Ar(ty, ts, R).trans((Ra (61, 1wy, I5tr(R)x,)), (R2 (Lky, t2,sndr(R)k,))) k2
trans(0,0) = 0
trans(p [ov it k= (b1, t2, R1)], p' [ it 6 = (t2,t3,R2)]) = (trans(p, p’)) [a — (t1, ts, trans(R1, R2)x)]

Figure 30: F,: Transitive Relations

Lemma 5.8 (trans Identity)
trans(fstg (R).,sndr (R)x ) = R

Lemma 5.9 (fst Identity)
fstr (trans(R1,R2)x)x = Ra

Lemma 5.10 (snd Identity)
sndg (trans(R1, R2).)x = Ra

Lemma 5.11 (General Target Relation Transitivity)
IfAFt:k, pe D[A]PC, p' € D[A]PC, and p, = p)y, then
trans(7[t == ] D7, Tt = i@]]pD,;G)R =DiG Tt = K]]g;fs(p’p/).

Proof

By induction on the derivation A Ft :: k.

(FK-Unit)

Case A1
It suffices to show trans(V[1]5, 1)[[1]],]?,;G)>k =Di¢ V[[l]]g;fs(p o)
For arbitrary (m, ms) € trans(V[1]7€, V[[l]]pDﬁc"')*7 we must show (mq, m3) € V[[l]]g;f's(p o)
By definition, (mj,m3) € trans(V[[l]]E?G,V[[ll]pDﬁG)* implies (my1, mz) € V[1]2:¢ and (ms, ms) €
D;G
V[],~.
Therefore (mq, ms) = ({), (), thus (m;,m3) € V[[l]]gﬁs(pm/).
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atkEA
Case AFa:k
It suffices to show trans(pg (@), pir (@) =23 trans(p, p'). r (), which follows by definition of
trans(p, p')x.
AFty:x* Aty %
(FK-Pair)
Case AFty Xty *
It suffices to show trans(V[t; x tg]]E"G,V[[tl X tg]]pD/; ) =x V[[t1 X tQ]]tranS(pp)

(FK-Var)

For arbitrary (mi,ms) € trans(V[t; X tg]]E;G,V[[tl X tg]]p,’ ), we must show (m;,ms3) €
D;G

V[[tl X tz]]trans(p,p’)'

By definition of trans(V[t; X t2] 53¢, V[t1 x 1:2]][])3,;(;)*7 we know (my, mz) € V[t; X t,]5*¢ and

(le,l’l’l3) c V[[tl X tg]]D G

Therefore, m; = (m/,m/), ms = (m),mf%), and ms = (mjs.mj%).

So it suffices to show (m),mj) € Sﬂtl}]trans(mp,) and (m%, m%) € 8[[t2]]trans (op)"

We know (mf,mj) € £[t,]° and (mf, mj) € SﬂtlﬂB’G. By definition, therefore, (m), mj) €

trans(E[t]D5C, E[t1] ).

Similarly we know (mf}, m%) € trans(€[t,]2°S, £]t, ]]D;G)

By IH applied to A F t; :: %, we know (m), mj) € g[[tlﬂtrans(p )"
By IH applied to A I t5 :: %, we know (m/, mj) € g[[tzﬂtrans(p o)
A tyox AFty o
(FK-Sum)
Case AFty+ tg*
Follows by IH, similar to the previous case.
Aty x Al ty*
(FK-Arrow)
Case AFt;— ty %
It suffices to show trans(V[t; — 2], V[t; — tz]]prG)* =0% V[t — t2]]trans(p o)

For arbitrary (ms,ms) € trans(V[t; — t2]5i¢, V[t; — tg]]p, )«, we must show (mjp, m3) €
V[t; — tg]]g;gs(p,p,).

By definition of trans(V[t; — to] ', V[t — tQHB;G)*, we know (my,mz) € V[t; — to] )¢
and (ms, m3) € V[t; — tQ]]E/’G

Therefore, m; = Ax:t;.mf, my = Ax:t.mb, and ms = Ax:t.mj.

For arbitrary (m, m”) € 5[[t1]]trans(p o) it suffices to show (m][m/x], m5[m" /x]) € 8[[t2]]trans(p o)
By IH applied to A F t5 :: *, it suffices to show (m) [m/x], m4[m” /x]) € trans(E[[tgﬂpD?G, 8[1:2]][]?, S,
By IH applied to A I t;:: *, we know trans(&[t,]'¢ 8[[t1]]D Gy =be S[[tl]]trans(p o)
Therefore, (m, m”) € trans(€[t]C, 8[[t1]]pD, Sy,

By definition of trans(£[t,]5C, S[[tl]],]?,;c), (m,m’) € £[t;]5* and (m’,m") € Sﬂtl]]pD,’G
Therefore, (m}[m/x], m5[m’/x]) € V[t2] 3¢ and (m[m’/x], ms[m” /x]) € V[[tg]]B;G.
Therefore, by definition, (m/ [m/x], mj[m” /x]) € trans(E[t2]'C, £[t2] ).
Aa:kEt:x

AFVaik.t:*

It suffices to show trans(V[Va::k. t]]E?G,V[[Va::n.t]]E;G)* =2¢ VVa:k. t]]trans(p -

(FK-Abs)

Case
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Case

Case

For arbitrary (mj,ms) € trans(V[[Va::fe.t]]pD?G,V[[Va::m.t]]pD,;G)*, we must show (m;, mg3) €
V[Va:k. t]]tram (o0')"

By definition of trans(V [[Va::m.t]]pD;G,V[[‘v’a::m.t]]F])D,;G)*, we know (my, mz) € V[Va:k. t])i¢
and (my, m3) € V[Va::/@.t]]l]?,;c‘.

Therefore, m; = Aa::k.m, mo = Aa:k.m), and ms = Aa::k.mj.

For arbitrary m € RelD:¢, we must show (m/ [1/a], mj[m2/a]) € Sﬂtﬂtrans(p o) [asirrs ]
Let 7w’ = (1, 1, fstr(7R)x) and 77/ = (1., 72, sndr (7R ) s )-

Note that, by Lemma [5.8] trans(p [oc — 7], p [ — 7r”]) = trans(p, p') [a — ﬂ']

By IH applied to A, v :: kb t 3 %, we know trans(E[t]" ENL]°

p[ab—ﬂr’]’ p’ [ou—ﬂr”])* _* g[[t]]trans (p,p") [ax—m]"

Therefore, to show (m][m1/a], mj [71'2/01]) € 8[[t]]trans(p o)1 it suffices to show

a:kT)?
(my[m1 /e, my[ma/a)) € trans(E[L] T ) ELF [ = 7[R
By definition, it suffices to show

(mf [r1 /e, mj[1c/a]) € sutz]],,[m,] and

(mj (1 /], my (w2 /) € E[6]2S .

which follow from instantiating (my, ms) € V[Va:k. t]5:¢ with 7" and (m2, ms) € V[Va::k. t]]pD,’G
with 7"/,

p[ou—>7'r

Aa:kiHFtak

(FK-Fun)
AFAa:kt K1 — Ko
We must show
trans(T [Ac::k.t = k1 — K] DG, TAakt vy — /-62]]‘]3@),.@1 S ke =G, L

Tkt k1 — ”2]]5;?5(,047')'
By definition, it suffices to show
Ar (b, t3, R).trans(T[t :: k2] D% p[a i ke = (b1, 1, Istr(R)w, )],
Tt = k2] iG [a K1 (L, to,sndr (R) e, )]) ko

EE{G_) vy T AR Ky — Kzﬂg;i;s(p7p,).
For arbitrary 7 € RelE;Gnl, it suffices to show
trans(T Tt = wal [a rs (e St )y )] 7L ral ) [a i1 (Ley 72 snd i () ey )|
which follows by IH applied to A, :: k1 F t :: Ko, and Lemma [5.8]
AFti: k1 — Ko AFty kg

Attty
We must show trans(7 [t; t :: Faz]]D G OT Tt to = /-cz]] P =DiC Tty to Rz]]ggffs(p’p,).

(FK-App)

Let 7w = (trans(p, p') 1 ta, trans(p, p’) 2 ta, T[to = r<;2]]trans(p”o/))7 7' = (py t2, py to, Tta = K2]D3E),
and 7 = (p} ta, ph ta, Tts i k2] C).
. D;G ./ . D;G i _D;G

By definition, it suffices to show trans(7[t1:: k1 — k2]’ 7/, T t1 k1 — ko] )7 7)), =03

D;G
T[[tl LR — Hz]]trans(p,p/) T
By the TH applied to A - t;:: k1 — ko we know
trans(7 [ty - k1 — k]G, Tt1 k1 — KQHPD,;G),QI S ke =G, L, Tlbr k1 — &2]]3;?8(

By definition of =2i<, | we know

p,p')
D;G :

trans(7T [ty k1 = K]S, Tt k1 = K2l )" ey = ko ® =i Tt k1 — &2]]trans(pp) ™

By definition, we know

trans(7 [ty :: k1 — k]G, Tty k1 — 112]]1313,;(}),.il S ke =
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Ar(t,t/,R).trans(T [ty = k1 — k2] DG (b, Ly, fstr(R)), Tt i k1 — nz]]pD,;G (14c,,t/,sndRr(R)))k,
Therefore,
trans(7 [ty = k1 — f@z]]?‘G (71, 1y, IStR(TR)), Tt1:: k1 — f@]]pD,;G (1ey, w2, s0dR(TR)) )k =€
Tlt1 s k1 — Kol
It suffices to show
trans(7 [ty :: k1 — k]G (71, 1y, Istr(7r)), Tt1:: k1 — Kz]]?,;c (1ey, w2, s0dR(TR))) ke =iC
trans(7 [t1 = k1 — KZHE;G 7 Tt k1 — nzﬂpD,;G L P
By IH applied to A I t5 :: k2, we know trans(7 [to :: k2]55C, Tty = nz]],]?ﬁG)nz =% Tt = Kz]]g;(js(p,p’)'
Therefore, by Lemma we know fstg(mr) = T[ts = k2], and by Lemma we know
sndr(7r) = T [t2 = n2]],;G.
Since trans ignores the positions 1,,, 75, and 77, it follows that
trans(T [ty :: k1 — K] DG (71, 1, T[t2 = k2]D5G),

Tt k1 — Kz]]pr;G (Licy, 2, Tt2 = Hzﬂp';G))nZ =2¢
trans(7 [t1 = k1 — 52}]2;(; 7 Tty k1 — l@]}pD,;G Ty

T
p,p")

O

Lemma 5.12 (Lattice Interp. Self-Trans)
Let p = [[EZ']]? trans(p, p) = p
Lemma 5.13 (Target Relation Transitivity under Lattice Interp.)
Let p = [LF]F.
If (my, mz) € E[t]Y and (mz,m3) € E[t]} then (mq,msg) € E[t]>.
Proof

By Lemma , we know trans(€[t]5:C, £[t]%). =Di¢ Sﬂtﬂgans(p )

By Lemma [5.12, we know trans(p, p) = p, therefore trans(E[t]>, £[t]>). = £[t]>.

The result follows by definition of trans(£[t]>, £[t]}).. O

5.3 Parametricity

Theorem 5.14 (Fundamental Property)
IfA;TFm:t then A;TFmam:t

Proof

The structure of proof is similar to (but less complex than) Lemma (Fundamental Property of
Back-translation), and the work of Vytiniotis and Weirich [4].

We omit the statement of key lemmas as they are already well explained by Vytiniotis and Weirich [4].
O

Lemma 5.15 (Preservation)
IfA;TFm:t and m —* m’ then A;TFm’ @t

Lemma 5.16 (Canonical Forms)
Let A;TFm:t.

e Ift=a€ A, m—*m’ and irred(m’).

e Ift=1, mr—"* ().
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o Ift =1t; X t3, m+—* (my,ms).

o Ift=t; + to, m —* inj; m’.

o [ft=1t; — ty, m—* Ax:t1.m’.

o Ift=Va:k.t', m—* Aa:x.m’.

Proof

Follows by Theorem (Fundamental Property) and the definition of V[[t]],]??G.

Lemma 5.17 (Free Theorem: Parametric Condition)
D,o % pi(ti) i, DF py(tg) it %, DF py(ty) o %,
D;GFm: p;(Va:x. (t; X (t2 = o)) = «a),
D;GFmy:t; = ty, D;GFmg:ty — tg,

(myg, my) € E]t]
(my (m[ty] (mg,mg)), mtf] (mg,myomg)) € £ty

D;G

plos (bg,t7,R)) ThEN
]]D;G
p

Lemma 5.18 (Free Theorem: nﬁ’s shuffling)
Let p = [[EZ]]?J
If S+ ABus.my : TpsT then (AB:x.my, my[(Ty s)‘T‘/ﬁ] (pf[t = T, s]],nf(’s>) e &[T, s+]]§

Proof

Must show: (AB::#.my, m[(T,s)* /8] (pf[¢ < Ty s]ne®)) € E[Te st

Have: my [(Tys)7 /8] (pf[¢ = T, s]],nf;’s) —* AB::x.my by Lemma (Canonical Forms).

Must show: (AB:k.my, AB:kmy) € V[T st]%

Consider arbitrary ti,t2,Rg such that (ti,t2, Rg) € Rel>.

Let p' = p[B — (t1,t2,Rpa)].

Must show: (my[t1/8], m2[t2/B]) € E[((ax ar B) X (S‘V‘ — B)) — ,6]]?,

Have: my [ti/8] —* Ax:((G=< &y t1) X (s* — t1)).my; by Lemma (Canonical Forms).

Have: ma[ts/B] —* Ax:((G< &y t2) X (st — t2)).mas by Lemma (Canonical Forms).

Must show: (Ax:((&< @y t1) X (st — t1)).myq, Ax:((< Gy t3) X (sT — t2)).may)
eVl((ax o B) x (s* = B)) — Bl

Consider arbitrary m},mj such that (m), m5) € E[(a<x ay B) x (s7 = B)]7.

Must show: (mqq[m} /x], mas[mj/x]) € 8[[6]],2,:,

Assume that ¢ Z (:

Have: (myq[m] /x|, maz[m)/x]) € Atom [,B]f, by assumption.

Have: my;[m] /x] —* my; and irred(my;,.) by Lemma (Canonical Forms).
Have: ma[m} /x| —* my;, and irred(msy;,) by Lemma [5.16] (Canonical Forms).
Must show: (my;, ma;,.) € V[[,@]]f,.

Must show: (my;, mg;) € Rg

Have: (prj, my, pri, mg) € £l e B from [

Have: £ 7 (¢ = Rg = Atom [ty, ‘52]Z by definition of p on a< and previous fact.
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Have: Rg = Atom [t, ‘52]2 by assumption ¢ [ ¢ and previous fact.
Have: (mj;., mo;,.) € Atom [,B]f, by Lemma |5.15 (Preservation).
Have: (my;;, my;-) € Atom [ty, tg]Z by definition of p’.

Therefore: (my;,, my;,.) € Rg.

Assume that ¢ C (:

(2) Have: (AB:%.my, AB:x.my) € V[T, sT]> by Theorem (Fundamental Property)

>
Let R = ¢ (my,myz) € Atom [tl, Ty sﬂ |

(C ¢ = Jmmy+—* ABuxmA (my,m [t2] my) € Rg

>
Observe that: p on a< requires that if ¢ 7 ¢, then R = Atom {tl, T, s+} , hence the ¢/ C ¢
condition.

Let p” = p [ﬁ — (61, Te s“L,R)]

Instantiating 2| with (t;, T, s, R):

(ma[t1/ 6], m[Tes*/8)) € E[((a< e B) X (s* — B)) = B

Now we will show: (mf, (pf[¢ < Tys]) € El(ax aw B) x (s* — B

Recall: (m, mb) € E[(a<x oy B) x (st — B)]7.

Therefore: (prj, m}, prj, m5) € E[(a<x ar B)].
. >
Observe that: (prj, mj,pf[l < Tys]) € Atom |t1, T, s+}

Have: (prj, m),pf[l < Tys]) € E[(a<x o B)], by previous fact, definition of R, and
definition of p on a<.

Must show: (prj, m’l,ni’s) €&st — ﬁ]]f,:u

Assume that (mg;, mgs) € 8[[s+]}§,:

Must show: ((prj, m}) msl,nﬁ"s mg2) € R Have: ¢ C ( by assumption.

Must show: Im.np° meg —s* AB:.m A ((prj, m}) mgep, m [to]mb) € Rg
Observe that: nf;’s mge —* ABux Ax:((G< ar B) X st — B).((prj, x) mg2).
Therefore: Im = (Ax:((&< &; B) X st — 8).(prj, x) msz)).

nﬁ’s mgo —* AB:x.m.

Must show: ((prj, m}) mg, m[ty]m5) € Rg

Observe that: (Ax:((é< &y B) X sT — B).((prjs x) mg2)) [to] my —* (prj, mb) mgs.
Must show: ((prj, m}) mgy, (prj, m5) mg2) € Rg

Recall: (m},m}) € E[(ax a; B) x (s7 — B)]%

Therefore: (prj, mj, prj, m5) € E[st — 8]

Have: ((prj, m)) mg, prj, m5 mgs) € Ry by assumption that (mgy, mes) € E[sT].
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Therefore: (m[t1/3] m}, m:[T;s™/8] (pf[¢ < Ty s]ap®)) € E[B]Z.

Recall: my[T;sT/8] (pf[¢ < Ty s]].,nf(‘s) —* AB:x.mg and mq[t1/8] m) —* mq;[m} /x].
Have: (myq[m} /x|, ms [t3] m%) € Rg by definition of R.

Recall: my [to] mhy —* moa[mb /x].

Therefore: (mjq[m] /x|, maa[m}/x]) € 5[[5]],2;:/'

5.4 Translation

Lemma 5.19 . )
If £ < s then LT L5, < Fpf[l < s]: (ax ay st) and Dy; Gy, Gz F pf[l < s]: (< @, sT)

Lemma 5.20 (Translation is Complete)
IfTHe:s then 3Im.I'Fe:s~m

Theorem 5.21 (Translation Preserves Well-Typedness)
IfTFe:sandThHe:s~m thenﬁ?;ﬁg,jﬂr““l—m:s‘*

Proof
Proof by induction on the translation derivation, '+ e : s ~» m.

Lemma 5.22 (Cross Lang. Relation Respects Target Relation)
Let p = [[ﬁj]]cZ and & = p; (since p; = py).

1. If (e,m) € 5?[[5]]5 and (m,m’) € E[sT]> then (e,m’) € Szr[s]]g
2. If (v,u) € Vz'[[s]]g and (u,u') € V[st]> then (v,u’) € sz[[s]]‘s
Proof

We prove 1 and 2 simultaneously. Proof by induction on the structure of the type s.

We give the cases for s; — s, and Ty s;.

Case 1
Must show: (e,m’) € Ezr[[s]]s.
By definition, it suffices to show e —* v, m’ —* u and (v,u) € Vzr[[s]}s.
Have: e —* v from (e, m) € 52_[[5]]5.
Have: m’ —* u’ from (m, m’) € E[s*]7.
Have: (v,u’) € V{[s]s by 2.
Case 2,51 — s
Must show: (Ax:sy. ez, Axis{.mb) € Vs1 — so]s
Consider arbitrary e}, m} such that (e}, mj) € Szr[[sl]]s.
Must show: (ep[e]/x], mb[m] /x]) € 5?[[52}]5
Instantiating (Ax:s;.ep, Ax:s{.mg) € V{[s1 — so]ls with (ef, m}) € Efs1]s:
Therefore: (ez[e] /%], ma[m} /x]) € 5?[[52]}5.
Instantiating (Ax:s;.ep, Ax:s{.mg) € V{[s1 — so]ls with (ef, m}) € Efs1]s:
Therefore: (ez[e] /%], ma[m; /x]) € 52[[52]}5.
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Have: (m), m}) € £[s3]> by Theoremm (Fundamental Property).
Instantiating (Ax:sf.my, Ax:s{.mb) € V[s{ — s[> with (m}, m}) € E[s7]>:
Therefore: (mo[m’ /x|, m)[m/ /x]) € 8[[53]]?.
Observe that: (ex[e]/x], ma[m) /x]) € 62’[[52]]5, and (mz[mf /x], mb[m} /x]) € E[sF]3.
Have: (ex[e}/x], m5[m) /x]) € 52'[[52]]5 by induction via part 1.
Case 2, Tys;
Have: (n,e1, AB::x.mqq) € Vzr[[Tz si]s-
Have: (AB:%.myq, AB:x.m),) € V[(T, 51)+]]§.
Must show: (n,e;, AB::x.m’,) € VZF[[Tg sills
Must show: 3m).(mf, [(Tes1)* /8] (PE[¢ < Ty su] ™), me® m)) € E[(Tes1)*]> and
(e1,m}) € Effsills
Have: 3my.(myq[(Tes1) /8] (PF[6 = Te sl ), ny° my) € E[(Tes1)*]% and
(e1,myq) € 52'[[51]]5 from (n,e1, AB::x.mqq) € VZ'HT@ s1s-
Now we will show: Jm).(my,m}) € £[s1]} and (m), [T, st /8] (PE[¢ < Tesi] sy, nbs m))
E[Tes{1%
Take m) to be mj.
Have: (my,my) € E[s1]} by Theorem (Parametricity).
Must show: (mi; [Ty s{ /8] (E[¢ < Tesi]g®), g my) € E[Te s 3
Let p' = (Tyst, Ty s*, E[Tyst]2).
Instantiating (AB::x.myy, AB:x.mf,) € E[TysT]Y with (T, st Ty sT, E[T, sTI):
(ma [Tesi /8], w0y [Te st /B) € El(ex e B) x 57— B) — BI}
Therefore: (my1[TysT /8] (PE[¢ < Tesilng®), mb, [Te st /8] (pE[E < Tesilan®)) € E[B]S.
Therefore: (my1 [Ty sf/BI(PE[L < Tesilng), myy [Test/BI(PENC < Tesilng®)) € E[Te 1]

Have: (m, [Tesf /B8] (pf[¢ < Tesi]e®), mua[Te st /8] (pE[¢ < Tesi]an®)) € E[To €42 by
Lemma (Symmetry).

Have: (m [Ty s7 /8] (pE[¢ < Tesine®), e *my) € E[Te £¥]% by Lemmal5.13|(Transitivity).

Have: 3m/.(m;,m}) € £[s:]% and (mfy, [Te s /8] (PE[¢ < Tesing®), g my) € €[Tesf].
Have: (e;,m}) € 52“[[51]}5 from the induction hypothesis (1) applied to s;.

Theorem 5.23 (Translation Preserves Semantics)
IfTFe:sandThFe:s~m thenTFe~m:s

Proof

By induction on the typing derivation, I' - e : s. There are two interesting cases. Other cases follow
easily by induction.

By the definition of the cross language logical relation, all cases require us to prove I' - e : s
and £2‘;£E, <T,TT* - m : st. We omit these below, since I' - e : s follows by assumption and

[,j; EE, j;, ' - m : sT follows by Theorem , Translation Preserves Well-Typedness.
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Case DT-Prot
Have: TFmn,e:Tys.
Have: TEn e: ABuxAx:((a<x oy B) X (st — 3)).((prj, x) m)~ Tys.
Must show: T'F e ~ AB:xAx:((ax ap B) X (st — 3)).(prj, x) m): Tys
Consider arbitrary 8,7,v, vy, V< such that 6 = {ay = &y | £ € Ly} U{a< = &<}, ve = I££0,
Y=< = [[jJr]]a and (77Y) € gz_[[rﬂé
Let e; = 7(e).
Let mz = 8(vc (v<(v(m)))).
Must show: (1, e1, AB:xAx:((G< &y B) x st — B).((prj, x) my)) € 5?[[1_( sls
Must show: (1, e1, AB:xAx:((G< &y B) X st — B).((prj, x) my)) € VEL[[TZ sls
Let tpr = (= & (Tes)T) x (st — (Tes)F).
Let p = [[L;r]]?
Must show: 3mb.(Ax:t,s.((prj, x) ma) (pf[¢ < T s]]./r/ﬁ's),’r/ﬁ’s mb) € E[Tyst]> and (e1, m}) €
VEL[[S]]S
Take mj to be ms.
Observe that:
Axityy.((prjs x) ma) (PELC < Te s]ip*) = pri; (PEf < T s ®)mz —* 1° ma.
Therefore: (Ax:t,.((prj, x) ma) (PE[L < Ty s],e®), 7u° ma) € E[ T, st
Must show: (e;,ms) € Szr[[s]]s
Have: I' - e >~ m : s by applying the induction hypothesis to s.
Instantiating ' - e ~ m : s with 8,7,y,yr, and y<: (v(e), sycy<y(m)) € 5?[[5]]5.
Recall the definition of e; and my: (e;, ms) € 52‘[[5]]5.
Case DT-Bind
Have: Tk bindx=eine’ : ¢
Have: T'F bindx=eine’ :s' ~ m[(s')T] (pf[¢ < §'],(Ax:sT.m’)).
Must show: T'F bindx=eine’ ~m[(s')T] (pf[¢ < '],(Ax:sT.m’)) : &
Consider arbitrary 6,7,y,yc, and y< such that & = {oy = & | £ € Lo} U{a< = a<},
Ve = [£4], v< = [=*], and (7,v) € GHTs.,
Let e; = 7(e).
Let e; = ~(¢').
Let my = 8(ve (v<(v(m)))).
Let ms = 8(yc (v (y(m)))).
Must show: (bind x = ey in ez, my [(s') 7] (pf[¢ < §'].(Ax:sT.m>))) € 5?[[52]]5
Let my = Ay:(T, $)Ty [$"F] (PE[¢ < ] Ax:sTmy) : TysT — 't
Let my = Ay:s;.Aﬁ::*.?\x:((dj ép B) x st — B).((prjy x) y):sT — Tyst.
Observe that: mgy = nﬁ’s, and (my o mg,?\x:sjr.mz) €E[st — s’*]]?.
Have: T'He~m: Tys from induction hypothesis applied to T Fe: T;s.
Instantiating I' - e ~m : Ty s with 8,7,y,yc, and y<:
Have: (e;,myq) € 52_[[—'—@ slls-
Therefore: e; —* 1, €}, my —* ABuxmyq, (€], AB:xmq) € Vzr[[Tg sls..
Let p = [LF]Z.
Therefore: 3m’. such that (mq[(Ty s)T/B1(pF[¢ < T s)n®), nt*my) € E[(T, s)T]> and (e}, m}) €
EdTsls-
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Have: (my [(Tys)™] (pf[¢ = T, s|,mg), my my) € E[(T;s)*]> by definition of m, and reduction.
Therefore: (my (my [(T, $)T] (pf[¢ = T, s].my)), my (mgy m})).

Have: (my (mgy mf), my (mq [(T, s$)T] (pf[¢ = T, s|.my))) by Lemma (Symmetry).
Now we will show: (bind x =e; iney, my (m, m})) € Ezrﬂs’]]5

Have: bind x = e; ine; —* bind x =1, €] in e; —! es[e] /x].

Have: my (m, m}) —* Ax:st.my m} —! my[m) /x].

Must show: (e[e]/x], ma[m] /x]) € 82_[[5/]]5

Have: I',x:sk e ~ m’:s from induction hypothesis applied to I',x: st €' :s'.
Instantiating T',x : sk e ~m’: s with 8,7 [x — e}],y [x —» m]],yc, and y=:
Recall definition of e; and m;. - -
Have: (e1[e}/x], m1[m] /x]) € 5?[[5']]5 by Compositionality.

Have: (bindx =e; iney, my (my m})) € SZL[[S’]]‘S.

Have: (bind x =e; in e;, my (my [(Ty )™ (pf[¢ < Ty sl,mg))) € 52“[[5’]}5 by Lemma (Cross
Lang. Relation Respects Target Relation).

Have: (my (my [(Tes)] (pf[¢ < Tus)my)), (my [(Tes)¥] (pf[¢ < Tes],myomy))) € E[*]3 by
Lemma (Parametric Condition).

Have: (bind x = ey in ey, (my [(Te s)*] (pf[l =< s'l.my o my))) € 52‘[[5’]],5 by Lemma (Cross
Lang. Relation Respects Target Relation).

O
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5.5 Back-translation

Lemma 5.24

IfSbkm: (&< ap s) thenl <s.
Lemma 5.25 (Monotonicity)

If (W,m) € R, (t,R) € Rell =, and W' 2 W, then (W', m) € R.
Proof

Follows by definition of Rell z, O

Lemma 5.26 (Monotonicity of £ |[t]Z)
If (W, m) € £T[[t]]§, and W' O W then (W', m) € ST[[t}]f
Proof
Case 3Js.t=st.
For arbitrary (W, m) € ET[[SJF]]%, W' O W, we must show that (W' ,m) € ST[[SJF]]%: and
Je. ;Wi WhEm:stie
By definition of (W', m) € £1[s*]Z, we know Je.5; Wi; W - m : 571 e.

The extra variables of W' make no difference in back-translation since they are not used in m.
Since m is back-translatable under W, it is also back-translatable under W'.

That is, the same back-translation derivation gives us 3; W} ; Wi F m : ser e.
Case Js.t= st
For arbitrary W' O W, we must show (W', m) € ST[[t]]E.
For arbitrary W; D W’ and (W, E*) € Klf[[t,s‘i‘]]?, it suffices to show that (W1, E*[m]) €
OT[[SJAF]]SE, which follows from instantiating (W', m) € ST[[t]]g with Wy O W and (W, E*) €
KI[e, s+,
O
Lemma 5.27 (Monotonicity of KZT[[t,S‘V‘]]?)
IF (W, EY) € KTt sH]Z, and W 2 W, then (W', E) € KCT[t, s+ Z.
Proof
For arbitrary W' D W, we must show (W', E*) ¢ ICTﬂt,sjr]]?.
For arbitrary W; O W', (W, m) € VT[[t]]E, it suffices to show (W, E¥ [m]) € OT[[S;]]E.
Clearly W1 D W, so we instantiate the hypothesis (W, E®) € Kﬂ[‘c,sﬂ]%J with (Wq,m) € VT[[t]]E.
Thus (W, E*[m]) € OT[s+]Z. O
Lemma 5.28 (Monotonicity of QT[[I‘]]?)
If (W,v) € GI[T]E, and W' 2 W then (W', y) € G1[T]Z

Proof
Follows simply from Lemma (Monotonicity of ET[[t]]?). O
Lemma 5.29

FAFt:k, 6€DIA]S, Sp; S, Wi, Wr F EF : 8(t)=sF, and (Y u, W.W’ 2 W A Sp; ¢, W), Wi
u:s(t) = Je. X Wi Wi F EF[u] : 1 e) then (W, EF) € K[t s 2.
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Proof

To show (W,E*) e KZT[[t,sﬂ]? it suffices to show for arbitrary W' 2 W, (W' m) € \)T[[t]}f7 that
(W', B*[m]) € OT[s*]7.

By the definition of (’)T[[S‘V‘]}f7 it suffices to show Je.X; Wi; Wi F E*[m] : s'T1 e, which follows by
instantiating (Y u, W.W' D W A Zp; g, Wi, Wi Fu:8(t) = Je. ;W ; Wi Ef[u]: s 1 e)
with W O W, and m. [

Lemma 5.30 (Relation equivalence is transitive)
Let (t,Rq) € Rell Z (t,R)€ Rell = and (t,R) € Rell =z,

K

IfR; =2 R and R => Ry then Ry =2¢ Ra.
Proof
By induction on k.

Case Kk = * We must show R; = x,.
e For arbitrary (W1, my) € Ry, we must show (Wy,m;) € Ro.
From R; =2 R, we know (W, m) € R.
From R = R, we know (W, m;) € Ra.
e For arbitrary (W1, m1) € Ra, we must show (W1, m4) € Ry.
This case is exactly symmetric to the previous case
Case k=K1 — Ka.
For arbitrary (t',R') € Rell 2 | we must show Ry (t,R) == R (t/,R).

K1) Ko

From Ry =7, _, .. R, we know Ry (t,R') =% R (t/,R).

ko

From R = R,, we know R (t/,R) =2 R, (t/,R).

ko

The result follows by IH applied to xo.

Lemma 5.31 (Back-translation type interpretation is well-formed)
IfAFt:kand € ’DT[[A]]E then

1. (8(t), Tt = 6]Z) € Rell =

2. If &' € ’DT[[A]]2 such that & = &', then TT[[t s k)Y =2 TT[[t nR]D
Proof
By induction on the derivation A -t :: k.
(FK-var) 255 €2
A

Fo:k

1. We must show 6gr(a) € Rell =

Follows by assumption that & € ’DT[[A]]E.
2. We must show Sg(a) =2 i ().
Follows by assumption that 6§ => &'.

(FK-Unit) ————
AF1:x
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1. We must show 8T[[1]]§ € Rell =
Follows by definition of 5T[[sﬂ]62.

2. We must show £ T[[1]]? =X £ T[[1]]?, which follows trivially since back-translation does not
rely on 6.
Aty x A bty %
ARty X tg %

(FK-Pair)
Case dsq,sp.t1 = sf, and ty, = sj.
1. We must show “/'T[[siTr X sj‘]]? € Rell =
Follows by definition of € T[[sﬂ]?.
2. We must show & T[[sfr xs;]Z == € T[[sfr x s§1Z, which follows trivially since back-
translation does not rely on 8.

This subcase follows by exactly the same reasoning in all kind * cases of proof, but it is
repeated in detail anyway for completeness.

Case ds;.t;= sf, but Asy.ty = SQL.
1. We must show Sf[[sfr X to]¥ € Rell =
e For arbitrary (W', m) € é'T[[sfr X t2]F, W5, O W', we must show that (W5, m) €
E Tﬂsf‘ X t2]¥, which follows from Lemma (Monotonicity of £ T[[t]]éz), and
e For arbitrary E* | t, suppose (2p; S, Gi, I'T, (W), (W))r - EF 6(51Tr X tg)=>s't,

and
VW/Z, UW; 2 Wll A\ ED; EG, Gk, F*, (W/z)k; (W;)r Fu:t — .36.2; (le)k’ (W/z)l" F
E*[u]: st % e.

We must show Je’.3; (W))i; (W))r - E*[m] : s'+% ¢
Instantiating (W', m) € ‘S'T[[s{r X t5]Z with W D W/, it suffices to show (W), ET) €
ICT[[S;Ar X to, sﬂ]?, which follows from Lemma

This subcase follows by exactly the same reasoning in all kind * cases of proof, but it is
repeated in detail anyway for completeness.

2. We must show ST[[sf' X to] ¥ =2 ST[[sf' X ta]3.
o If (Wy,m) € E1[s] x t5]F then (W1, m) € £1[s7 x to]Z.

For arbitrary (W, E*) € ICT[[SIAL X tg,sﬂ}?, we must show (W, E*[m]) € OTHSJ}]]?/.

By (Wi,m) € f,'T[[sfr X [t2]]¥ and the definition of OT[[S%]]E, it suffices to show

(W1, EF) € KT[sT x ta,s7]E.

For arbitrary Wo D Wq, (Wo,m') € VT[[s,fr X t5]%, we must show (Wy, E¥[m']) €

ofsH]2.

Since &' is irrelevant to back-translation, it suffices to show (W, E* [m']) € O T[[S'V‘]}SZ,.

By Lemma applied to (Wl,E%) € KlT[[sfr X tg,s‘P]]SE, we conclude (WZ,E%) €

ICT[[S;Ar X ta,sT]Z.

By (Wy,E*) € ICT[[sf' X tg,sq']]? it suffices to show (W, m’) € VT[[sf' X to]2.

Since (Wa,m’) € Vﬁ[sf‘ X t2] %, it suffices to show “/'T[[sf’}]éE => ET[[sf' ¥ and Eﬁ[tg]]? =>
gﬁ[tg]]?, which follow from the IH part 2 applied to A + sf‘ mkand A F o ook,
o If (Wy,m) € E1[s] x t5]= then (W1, m) € E1[s] x t,]Z.

This direction is exactly symmetric to the previous direction.
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Case dsy.ty = sj, but As;.t; = sfr.
This case is symmetric to the previous case.
Case Jsi.t1= sf and Asy.to = s;
This case is identical to the non-translation subcases of the previous two cases.
Aty * AFtg o *
At 4 to o

(FK-Sum)

Case dsy,sp.t; = ST, and ty = s;

1. We must show ST[[sf' + sj]]? € Rell =
Follows by definition of 8T[[S;]]§.

2. We must show & T[[sf' + sﬂ? =X g T[[sf' + sj’ ¥, which follows trivially since back-
translation does not rely on 6.

Case ds;.t;= sf, but Asy.ty = sgt.
1. We must show ST[[S{Ar + to]F € Rell =,
e For arbitrary (W), m) € ST[[sf' + t2]F, W5, O W/, we must show that (W5, m) €
E T[[sf' + t2]¥, which follows from Lemma (Monotonicity of £ T[[t]]éz), and
e For arbitrary E*, t, suppose (Zp; Za, G, I, (W))i, (W))r - EF «S(sfr + ty)=s'T,

and
VW’Z, UW; B Wll A2Yp; 2ag, Gk, F+, (W/z)k; (W;)r Fu:t = Je.3; (le)k§ (W;)r =
E*[u]: st 7 e

We must show 3e’.3; (W))i; (W))r F Ef[m] : s'F1 ¢'.

Instantiating (W', m) € ST[[sfr + t5]F with W/, D W, it suffices to show (W), ET) €

ICT[[S{r + to, S'Pﬂ?, which follows from Lemma
2. We must show <‘:T[[sfr + to]F =2 “:T[[sfr + to] 2.

o If (Wl,m) S 8T[[Sf_ —+ tgﬂ? theAn (Wl,m) S ST[[Sf_ + tg]]?,

For arbitrary (W1, E*) € ICT[[sfr + t2,s7]%, we must show (W, EF [m]) € OT[[SJF]]E,.

By (Wi, m) € é‘T[[siTr + t2]¥ and the definition of (’)T[[sjr]]?, it suffices to show (W1, E*) €

ICT[[SIL + to,sT]Z.

For arbitrary Wy 2 Wy, (Wa,m’) € VT[[S{r + t2]7, we must show (W, EX[m']) €

Oﬁ[sﬂ]?.

From (W5, m') € VT[[sf + t2]¥, we know m’ = inj; m” and (Wo, m”) € ET[[tZ-]]?.

Since &' is irrelevant to back-translation, it suffices to show (W, E* [m']) € O T[[S'V‘]}SZ,.

By Lemma applied to (Wq,E*) € KlT[[sfr + tQ,S—P]]? we conclude (Wy, E¥) €

KIs + to,5H]Z.

By (Wy,E*) € K:T[[S-f + tg,s;]]gl/ it suffices to show (W, m’) € VT[[ST + t2] 2.

Since (Wo,m’) € VT[[sf' + t2]F, it suffices to show “/'T[[sf’}]é2 == ET[[sf' ¥ or ET[[tg =2
ST[[tg]]f,, which follow from the IH part 2 applied to A s} :: % and A F ty = *.
o If (W1, m) € £1[s] + 2] then (W1, m) € £1[s] + t,]Z.

This direction is exactly symmetric to the previous direction.

Case dJsp.ty =sj, but As;.t;=s;.
This case is symmetric to the previous case.
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Case As;.t;= s{r and Asp.to = sj.

This case is identical to the non-translation subcases of the previous two cases.
Aokt
AFVa:k.t:: *

(FK-Abs)

Case ds.Va:k.t=T, st.
1. We must show ST[[Tg S‘T’]}é2 € Rell =
Follows by definition of £1[s+]Z.

2. We must show ST[[Tg sﬂ]é2 == 8T[[Tg S‘PHE/, which follows trivially since back-translation
does not rely on 8.

Case AsVa:k.t=T, st.
1. We must show Sﬁ[‘v’a::n.t]]? € Rell =
e For arbitrary (W), m) € 8T[[Vt::a.] ¥ W, O W), we must show that (W5, m) €
E T[[‘v’oz::fe. t]Z, which follows from Lemma (Monotonicity of £ T[[t]]?), and
e For arbitrary E* | t, suppose (Zp; Ba, Gi, T, (W) )i, (W))r F EF : §(Vaik. t)=s'T,

and
VW;, uW’z D Wll A3Yp; Xa, Gk, F*, (W/z)ka (W;)r Fu:t = Je3; (W/Z)k; (W;)r F
E%[u} it e

We must show Je’.3; (W )i; (W))r - E*[m] : /% ¢
Instantiating (W/, m) € ST[[‘V’a::n. t]¥ with W/ D W, it suffices to show (W}, ET) €
KZT[[Va::f{. t, sﬂ]?, which follows from Lemma

2. We must show Sﬁ[‘v’a::m.t]]? == ST[[Va::f-e.t]]?,.

o If (Wy,m) € ST[[Va::n.t]]f then (Wq,m) € Sﬁ[‘v’a::n.t]]?,.

For arbitrary (W, E*) € ’CT[[VCE::K. t, sﬂ]?, we must show (W, E*[m]) € OTHSJ}]]?/.
By (W1,m) € ST[[Va:ZIi. t]% and the definition of(’)T[[s';‘]]f, it suffices to show (W, E*) €
ICT[[Va::n. t,sT]Z.
For arbitrary Wy O Wy, (Wa, m’) € VT[[Va::n.t]]f, we must show (Wo, Ef [m']) €
ol[sH]2.
Since &' is irrelevant to back-translation, it suffices to show (W, Ef [m']) € OT[[S;]}SE,.
By Lemma applied to (Wl,E%) € K:T[[Va::m.t,s“t]]? we conclude (WZ,E%) €
K:T[[VOLZZKZ.t, s'i']]?,.
By (W4, E*) € ICT[[Va::n.t,s';]]? it suffices to show (Wa,m’) € VT[[Va::n.t]]?.

For arbitrary (', R) € Rell = it suffices to show ST[[t]]f[aH(t,7R)] => ST[[t]]?[ab—)(t’7R)]

which follows from the IH part 2 applied to A, :: kK Ft 10 *.
o If (Wy,m) € 5T[[Vaitli.t]]§:5/ then (W1, m) € 5T[[Va::n.t]]§.
This direction is exactly symmetric to the previous direction.
Aty * AFty:x
AFty— ty:*

(FK-Arrow)

Case 3Js;,sp.t; — to =s — si.

1. We must show ST[[sf' — Sj’]]é2 € Rell =.
Follows by definition of ET[[S‘V‘]]?
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2. We must show & T[[sfr — s;r]]ﬁ2 == £ T[[s1 — 52 ¥, which follows trivially since back-
translation does not rely on .

Case sy, sp.t; — to = sfr — sj.
1. We must show ST[[tl — )T € Rell =
e For arbitrary (W}, m) € ST[[tl — t2]F, W5 DO W/, we must show that (W5, m) €
E T[[t] — t5]¥, which follows from Lemma (Monotonicity of £ T[[t]}éz), and
e For arbitrary E* | t, suppose (£p; S, Gi, T, (W), (Wi)r b EF ¢ 8(t; — to)=s'T,

and
YWh, uWh 2 Wi A Sp; Ba, Gie, T, (Wh)i, (Wh)r Futt = 3.3 (Wh)w (Wh)r F
E*[u]:s'+7 e

We must show 3e’.3; (W))i; (W))r F Ef[m] : s'+1 ¢'.
Instantiating (W7, m) € ET[[tl — t5] ¥ with W D W/, it suffices to show (W), E*) €
ICT[[tl — to, s*h‘]]z which follows from Lemma
2. We must show ST[[tl — to]F =2 ST[[tl — t2]3.

o If (Wy,m) € E1[t; — 5] then (W1, m) € £1[t; — t,]=.
For arbitrary (Wl,E%) € ICTﬂtl — t2,5+]]6,, we must show (W1, E* [m]) € OTHSJ}]];:‘/.
By (Wi,m) e & [[t1 — t2]¥ and the definition of OT[[SJF]}?, it suffices to show (W, E*) €
KTty — to,s%]2.
For arbitrary Wo O W4, (Wy,m') € VT[[tl — tg]] , we must show (W2,E7F [m']) €
ollsH]2.
Since &' is irrelevant to back-translation, it suffices to show (W4, E* [m']) € O T[[S‘A*]}Ez,
By Lemma applied to (Wq,ET) € ICT[[tl — tg,s+]] . we conclude (W, E*) e
Kty — 2,573
By (W3, E*) € KJT[[t] — tQ,S—E_]]S/ it suffices to show (W, m’) € VT[[tl — t]2.
Since (Wo, m’) € VT[[tl — t5] 7, it suffices to show 5T[[t1]]2 == ST[[tl]] and ST[[tQHS =5
ET[[tg]]é,, which follow from the TH part 2 applied to A F ty:: % and A F tg =2 %

o If (Wy,m) € £1[t, — t,]= then (Wy,m) € £1[t, + t] .
This direction is exactly symmetric to the previous direction.

Aok Ftok

(FK-Fun)
AFAa:kt kK1 — Ko

1. We must show (§(Aa::k.t), TT[[?\a::n.t K1 = Ke]Y) € Rell =

K1 — K2°
For arbitrary (t;,R1) € Rell 2 | we must show

(a) (t [(t;/a] 'Tf[[t I{2]]§ oo (b1, Rl)]) € Rell % which follows from IH part 1 applied to A, o :: k1 F t ::
an

(b) For arbitrary (t}, R}) € Rell 2 if (t, Ry) =2 (t}, R}) then ’TT[[t K'QII& o> (61 R1)] =2
TT[[t o] which follows from IH part 2 applied to A, :: k1 Ft i K

8 [ (t3,R)]’

2. We must show TT[[Aa::n.t nky = k2P =D L, TT[P\a:ZFL.t K1 — Kol

This follows from IH part 2 applied to A, :: k1 Ft 1 Kk
A}_tlliﬁl—)lﬁ2 A"tg::f’i

FK-A
( pp) AF tl tg L R2
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1. We must show (8(t; tg),TTHtl to it k1 — Ka]Y) € Rell z.
By IH part 1 applied to A - t1:: k1 — Ko we know TT[[tl DKL — KQ]]E e RelT =

K1 — K2° By
definition of Rell 2, ., it suffices to show (8(t2), TT[[tg n ki)Y € Rell 2, which follows

by IH part 1 applied to A F t5 ::
2. We must show TT[[tl ty kg — l<a2]]5 = TT[[tl ty kL — KZ2H6/
It suffices to show
(T k1 — K2l Z (8(62), T2 = wa]Z)) ==, (T b1 52 k1 — k2] (8 (b2), T [t == 51]Z)).
By IH part 2 we know TT[[tl k1 — Ka2]¥ =2 .., ’TT[[tl k1 — Ko] % and
TT[[tQ R — I<L2H6 =1 TT[[tQ R — FL2H6,,

By IH part 1 we know 71 [ti: k1 — k2]T € Rell = and ’TT[[tl:: K1 — KT €

K1 — K2
RelZ .
Instantiating TT[[tl DKL — Ko ? EEI s ke ’TT[[tl TR — f{g]]?, with TT[[tz TR — FLQ]]?
we know

(TTLtr s k1 — R2] P (8(62), Tlts 3 ma]2)) =2, (T [t1 3 k1 — w2l S (8(ts), Tfutz k] D))

Instantiating TT[[tl K1 — Kol € Rell 2 ., with Tf[[tg k1 — Kol =2 TT[[tQ tK1 — K2],
we know
(Tt k1 = w2l ® (8(62), T [t 1 £1]2)) =2, (T 161 1 — 2] ® (8" (62), T [t =2 k1] Z)).

The result follows by Lemma (Relation equivalence is transitive).
O
Lemma 5.32 (Back-translation compositionality)
If A, :: ko F t1 0 kg, A F ty 1 Kg, and Ry = TT[[tz i ka]Z, then TT[[tl i<;1]]50H (t2,R2)] Efl
T tala/ts] == ke ]Z.
Theorem 5.33 (Coherence for back-translation relation)
Atk ARty ti=to, and 6 € DI[A]Z, then T [ty 6]Z == T 1[ts = 6]
Lemma 5.34 (Fundamental Property of Back-translation Logical Relation)
If Dy, A; Gy, G<, G, TH, Gy, T Fm s t then Dy, A; Gy, G, Gy, TH, G, TET m s ¢

Proof idea: Proof by induction on the typing derivation Dy, A; G, G<, Gy, F‘E Gy, I' F m : t. Most
cases will have subcases for either 3s.t = s or not.

For brevity, W for (Gy;T”’ jr) unless the world requries particular attention.
Proof

Case FT-Unit
We know

(FT-Unit) i
Dy, A; Gy, G2, G, TH,TF () : 1
We must show Dy, A; Gy, G<, G, THTET ()11
For arbitrary Ffrj,é,%y. such that & € ’DT[[A]]E7 ((Gkgrj),v) € gT[[Ff]]?, ((Gk;rj),y) €
G T[[I‘]]?7 we must show
(G:T3), () € £1[1]Z, which follows by FD-Unit.
Case FT-Var
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We know .
x:te Gg,Gj,Gk,r+,Gk,F

D, A; Gy, G2, G, TH T x: t

We must show Dy, A; Gy, G<, Gy, TH T ET x 1 ¢,

For arbitrary Fir;}, 8,7,v. such that & € ’DT[[A]]Z, (Gy; Fj),v) € QT[[Ff]]E, ((Gk;rj),y) €

QT[[I‘]}BZ, we must show

5(v(v(x)) € ETIF.

For brevity, let m’ = §(v(y(x))).

Case x:tel h
Then we know As.t = sT, and x is in the domain of y. Let y(x) = m. We must show
(G ) m) € ETe]F
By definition of QT[[I‘]]f and by assumption that ((Gy; Fj), Y) € QT[[F]]?, we know ((Gy; I";r), m) €
eer?

Case x:tc¢ Ff )
Then we know Js.t = s* and x is in the domain of 7. Let y(x) = m. We must show
(W, m) € £1[sH]Z.
By definition of gﬂ[rf]]? and by assumption that (W,v) € QT[[Ff]]?, we know (W, m) €
ST[[SJF]]E.

Case x:te Gy ) )
Then we know x =k, t =s™ — (Tys)™ and x is not in the domain of y or ~.
We must show ((Gi;T3),k) € &'T[[sjr — (Ty's)*]Z, which follows from FD-K.

Case x:t¢ Fg‘
Then we know x : t € Fj, and t = s* and x is not in the domain of Y or 7.
(Gi:T3), x) € E1[s*]Z follows by FD-Var.

Case x:te Gy
Then we know 3.t = & and x is not in the domain of y or y. We must show (W,x) €
elau?.
For arbitrary W' D W, (W', E¥) € K:T[[dg, st]Z, it suffices to show (W', E*[x]) € @T[[S—P]]?
There is only one E* in which a x : &, can appear: [-|r. However, the result type cannot
be s. So, since there is no well-typed context of type (é)=sT, the statement V(W' E*) €
ICT[[&g,sj’ﬂéz.(W’, E*[x]) € OT[[SJF]]? holds vacuously. Therefore (W', x) € ET[[dg]]f
Note the implication here is that x can appear in a term, but never in evaluation position.
It can be, for instance, passed as an argument to a function that never its argument other
than by passing it to another function that behaves similarly. The back-translation reduction

will cause such a term to be discarded. So x exists only as a proof object to allow terms
corresponding to protected source terms to be well-typed.

Case x:te Gg
The argument for this case is similar to the previous case. We know x is one of the proof

constructors Py, Py, P_,, P, O D,
Formally, we know As.t =sT and x is not in the domain of y or 7. We must show (W, x) €

ez,
For arbitrary W 2 W, (W/,E") e KT[[t,sjr]]éz, we must show (W', Ef[x]) e (’)T[[sjr]]éz.
However, by inspecting the types of x and of each E*, we know no such E* exists.
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Consider for instance x = p,,. We know:

t =VB % Vagux. Vag:x. (ks B, a1) X (&< B, az)) = (&< B, (a1 X a2))

A term of this type can appear in an evaluation context such as [-]1 [é&] [t1] [t2] m’. However,
the result of this evaluation context is not of translation type, and cannot appear in any other
E* in evaluation position. For every possible x : t € G, the same is true of all E* in which
X can appear.

Since there is no E* that results in a translation type, (W', x) € £ T[[t]]? is vacuously true.

Case FT-Pair
We know

Dy, A;G, G2, G, T, TFmy it Dy, A;Gy, G, Gy, TH T Fmy : ty
Dy, A; Gy, G<, Gy, TH T F (my,my) : t; X t

We must show Dy, A; Gy, G<, Gy, TH T ET (my.my) : ¢ X to.
For arbitrary Ff,l’j,é,%y. such that & € ’DT[A]]E, (W,v) € QT[[Ff]]E, (W,y) € QT[[F]]E, we

must show
(W, 8(3(v((m1,m2)))) € ET[t1 x ]
For brevity, let m} = 8(v(y(m1))), and m, = 8§(y(y(mz))).
Case dsq,s5.t1 X to = sf X s;r
We must show (W, (m,m5)) € “/'T[[siTr X s;"]]? )
By the IH applied to Dy, A; Gy, G<, Gy, T, T' F my : ty, and Dy, A; Gy, G<, G, T, T F

ms : to, we know:
(W, m}) € £1[sF]F and (W, mj) € £[s{]F.
By FD-Pair, we know (W, (m/,.m})) € £1[s] x s3]Z.
Case ds;.t;= sf, but Asy.ty = sj.
We must show (W, (m,m})) € (‘,'T[[s,i|r X to] 2.
For arbitrary W' D W, (W', E*) ¢ ICTIISIAr X ta, sjr]]?, we must show (W', E [(m} ,m})]) €
Oﬁ[s‘*]]?. A h h
By the definition of ICT[[S;r X to,sT]Z, it suffices to show (W', (m,mz)) € VT[[SIr X t2] .
By the definition of VTHSIr X t2] %, it suffices to show (W', m}) € c‘,’T[[sl+ T and (W',m}) €
ST[[tQ]]?, which follow by the IH applied to p; X, G, '™ F m; : t; and Lemma
Case ds,.to = sj, but As;.t; = sf.
The proof is analogous to the previous case.
Case As;.t;= sf and Asy.to = s;
The proof is analogous to the two previous cases. We repeat it since both types are non-
translation types and it is not obviously symmetric.

We must show (W, (m,m5)) € ST[[tl X to] 3.
For arbitrary W' 2 W, (W', E¥) € ICT[[tl X to,5T]Z, it suffices to show (W', E*[(m},m})]) €
ol[sH)=.
By definition of ICT[[tl X tQ,S;]]?7 it suffices to show (W', (m/ m})) € VT[[fq X to] 2.
By definition of VT[[tl X t2] ¥ it suffices to show (W', m}) € ET[[ti ¥ which follows by the
IH applied to ¥p; Xqg, Gy, M+ om; ot and Lemma

Case FT-Prj
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We know .
Dy, A; Gy, G, Gi,TT,TFm:t; X to

Dy, A; Gy, G<, Gy, TH T Fprj;m : t;

We must show Dy, A; Gy, G, G, TH T ET prj; m : t,.

For arbitrary Fi’,l“j,é,%y. such that & € DT[[A]]E, (W,v) € gﬁ[l‘f]]?, (W,v) € QT[[I‘]]E, we
must show

(W, 8(+(v(prjs m)))) € £ T[T

For brevity, let m’ = §(y(y(m))).

We consider only the case when i = 1 and t; = t4, as the other case follows symmetrically.

Case Js;,sp.t; X to =sf X s5

We must show (W, prj; m’) € ST[[S{F]]?.
By FD-Subterm and FD-Prj, it suffices to show (W,m') e & T[[sfr X sj ¥ which follows by
the IH applied to Dy, A; Gy, G<, Gk, TT, T F m: t; X to.

Case ds;.t;= sf, but Asy.to = sj.
We must show (W, prj; m’) € ST[[Sﬁ]E.
By the IH applied to Dy, A; Gy, G<, Gy, I T Fm:t; X ty, we know (W,m') € ST[[sfr X to] 2.
By definition of ST[[sf' X t5]%, it suffices to show (W, prj, []T) € ICT[[sf' X to, 8]%.
For arbitrary W' O W, (W’ (m/ m})) € VT[[sf' X t2] %, it suffices to show (W', prj, (m},m})) €
of[s*]2.
Note that prj, (m},mb) = E*[u].
By FD-Val and the definition of ST[[SJ‘]]E, it suffices to show (W', m}) € ET[[sf' ¥, which
follows by assumption that (W', (m},mb)) € Vﬂ[sf‘ X t2] 2.

Case dsy.ty = sj, but As;.t; = sf.
We must show (W, prj; m’) € ST[[tﬂ]éz.
For arbitrary W; D W, (Wl,E%) € ICT[[tl, sjr]]f, we must show (Wl,E%[prjl m']) €
ol[sH)=. A
By the IH applied to Dy, A; Gy, G<, G, TT, ' F m : t; X to, we know (Wy,m’) €
ST[[tl X sj‘]]?.
By (Wy,m’) € ST[[tl X sﬂ?, to show (W, E* [prj, m’]) € (’)T[[s%]]f, it suffices to show
(W, B [prj, [J]) € KTt x sf,sTIZ.
Note that prj, []r : (t1 X s5)=t1, so Ef [prj, []1] = Ef
For arbitrary Wy D W1, (Wa, (m],m})) € VT[[tl X s;r ¥, we must show (Wo, E7 [prj, (m/,m})]) €
OT[[S'P]]?.
Note that E#[prj, (m/,m5)] = E7[u], so by FD-Val, it suffices to show (Wy, E*[m}]) €
ST[[SJF]]?.
From (Wg, (m/,mb)) € VT[[tl X sj]]? we know (Wa,mj}) € ET[[tl]}?. Instantiating the
latter with E*, we conclude (Wy, E [m)]) € OTHSJ}]]E.

Case As;.t;= sfr and Asp.to = sj.

This case is analogous to the previous case. Note in the previous case, the fact that to = sj

had no effect, since the type of the pair t; X s and the type of the projection t; are not

translation types.
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Case FT-Sum
We know A
D¢, A; Gy, G, Gy, I, T'Fm:t;

Dy, A; Gy, G<, G, TT T Finj, m: 6, + to

For arbitrary Ff,rj,é,’y,y. such that & € ’DT[A]]Z, (W,~) € QT[[F:{']]?, (W,vy) € QT[[F]]E, we
must show
(W, 8(+(y(inj; m))) € £1[t2 + tal?.
For brevity, let m’ = §(y(y(m))).
Case dsq,sp.t1 + to = sf + s;r.
We must show (W, inj; m’) € ST[[sf' + sj]]?.
By FD-Sum, it suffices to show (W, m') € £ T[[sj' ¥ which follows by the IH applied to
Dy, A; Gy, G, G, TH, T Fm : ty,
Case ds;.t; = s, but Asy.to =s;.
We must show (W, inj; m’) € 4.‘,'T|Isfr + to] 2.
For arbitrary W' 2 W, (W' E*) ¢ KZT[[sfr + tg,sﬂ]?, we must show (W', E* [inj; m']) €
OT[[S*A’]]?.
By (W,E*) ¢ ICT[[sfr + tg,sjr]]g, it suffices to show (W’',inj; m’) € VT[[sf + to] 2.
By definition of \)T[[sfr + t2]¥, it suffices to show (W', m’) € ST[[tZ- ¥, which follows by IH
applied to Dy, A; Gy, G<, Gy, F‘F, 'kFm:t; and Lemma
Case dsp.to =sp, but Asy.t; = s;.

This case is exactly identical to the previous case. Note that in the previous case, we never
use the fact that t; may be a translation type.

Case [s;.t;=s;1, and Asy.to = ss.
This case is exactly identical to the previous two cases. Note that in the previous cases, we
never use the fact that t; may be a translation type.
Case FT-Case
We know

Dy, A; Gy, G<, Gi, TH, T - m sty + t
Dg, A, G[, Gj, Gk, F+,x1 : tl,F F mj t D[, A, Ge,Gj,Gk, r+7X2 : tQ,F = ms t

D¢, A; Gy, Gz, Gy, I#,I‘ F casemof inj; x;.mj | inj, x2. ma : t

We must show Dy, A; Gy, G, Gy, F‘V‘,I‘ S casemof inj; x1.m1 | inj, xz. mo : t
For arbitrary T, T3, 8,7, 7. such that 5 € DI[A]Z, (W,~) € ¢I[r{]Z,
(W,v) € QT[[I‘]]E, we must show
(W, 5(7(y(case m of inj, x;.my |inj, xz. m3)))) € £[t]Z.
For brevity, m’ = 8(y(y(m))), mj = 5(+(y(m1))), and m, = §(y(y(m3))).
Case Js.t =st
Case Elsf,sj.tl + to = sf + sj
We must show (W, casem’of inj, x;.m] |inj, x2. x5) € ST[[SJF]]EJ
By the IH applied to Dy, A; Gy, G, G, TH,I' F m : t; + to, we know (W, m’) €
ells! + sJ12.
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Let W' = (Gy; Fj,x :s).
By Lemma (Monotonicity of (,.}'T[[I‘]]?)7 we know (W', v) € QT[[Ff]]E and (W',y) €
AR A
By the IH applied to Dy, A; Gy, G<, Gy, T, x s/, T - my : t, we know (W',m}) €
Ntz A
By the IH applied to Dy, A; Gy, G2, Gy, T, x s, T F ma : t, we know (W', m}) €
elsH3.
By FD-Subterm and FD-Case, we conclude (W, case m’ of inj; x;.m] | inj, x2. mj) €
N7
Case Hsf.tl = sf, but /Hs;r.tg = sj.
We must show (W, casem’ of inj, x;.m] |inj, x2. x3) € ST[[S‘T']]E
By the IH applied to Dy, A; Gy, G<, Gy, TT,T' - m : t; + t, we know (W, m’) €
ellst + ta?.
By (W, m’) € ST[[sf' + t2]F, it suffices to show (W, case [ of inj; x;.m] |inj, x2. m}) €
KlTﬂsfr + to,sT]Z. )
Note that case []r of inj, x1.m) |inj, x5. m) : s} + to=>st is an E*.
For arbitrary W' O W, (W' inj; m”) € VT[[S.iTr + t2] ¥, we must show
(W', caseinj; m” of inj; x1.m] | inj, x2. mb) € (’)T[[sjrﬂ?.
By FD-Val and definition of 8T[[S'P]]§, it suffices to show (W', m![m” /x;]) € ET[[S‘V‘]}E.
Case i=1
From (W', inj; m”) € VT[[sfr + t2]F we know (W', m") € £T[[sf]]§.
By the IH applied to D¢, A; G¢, G<, Gy, I";L,xl : sf‘,I‘ Fm;, : 54, we know
Dy, A; Gy, G2, G, T, xy : 57, T El my : st
Recall that W' O W. By Lemma (Monotonicity of QT[[I‘]}SZ), we know (W' ~) €
GIr{7% and (W',v) € GTI0TY.
We instantiate Dy, A; Gy, G, Gi, T+, x5 157, T Bl my : st with 5 € DI[A]Z,
(W' v [x1 —»m"]) € QT[[Ff,xl sHE, (W y) € QT[[I‘]]E and conclude:
(W', 8(y[xa = m”] (y(my)))) € ET[sH]F.
Note that this is the same as (W', m}[m” /x;]) € 8T[[54‘]]§.
Case i=2
From (W', inj; m”) € VT[[sfr + t2]F we know (W', m") € £T[[th2]]§.
By the IH applied to Dy, A; Gy, G<, Gy, T, T, x5 : to - my : s, we know
Dg,A;Ge,Gj,Gk,r%,F,Xz :to S my : st.
We instantiate this with & € DT[[A]]E, (W' ) e QTHFH?,
(W' v [x2 =~ m"]) € QT[[I‘,xz : t2]F and conclude:
(W', 8(+(y [x2 = m"] (m2)))) € £
Note that this is exactly (W', m)[m” /x2]) € ST[[SJ}]]E.
Case E'Sg_.tg = sj, but ﬁsf‘.tl = sf'.

The proof of this case is symmetric to the previous case. The primary difference is the
cases for i = 1 and i = 2 are switched.

+ 4t _ ot
Case As],s;.tj=s] orty=s;
This case is analogous to the previous cases. We repeat it since both types are non-
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translation types and it is not obviously symmetric.
We must show (W, casem’ of inj, x;.m] [inj, x2. mj3) € 8T[[S‘V‘]]§.
By the IH applied to Dy, A; Gy, G<, Gy, TT,T' - m : t; + t, we know (W, m’) €
ENlty + ]2
By (W, m’) € ST[[tl + t2]F, it suffices to show (W, case [t of inj; x;.m] | inj, x2. m}) €
Kty + to,sH]E
For arbitrary W' 2 W, (W, inj; m") € VT[[tl + t2]¥, we must show
(W', caseinj; m” of inj; x;.m] | inj, x2. mj) € OT[[S;]}SZ.
By FD-Val and the definition of ET[[SJA“]]? it suffices to show (W', m{[m" /x;]) € ET[[SJAF]]?.
Recall W' O W, so by Lemma (Monotonicity of € T[[t]}?), and the IH applied to
Dy, A; Gy, G, Gy, M, T, %; : t; F m; : t, we know (W', v [xi = m”] (m})) € Sf[[sq']]?.
Note that this is exactly (W', m![m” /x;]) € ST[[SJ}]]E.
Case Js.t= st

We must show (W, case m’ of inj; x;.m] | inj, xo. m}) € gf[[t]]?

For arbitrary Wy D W, (W, E") € KZT[[t,s‘i‘]]?, we must show

(W1, E* [casem’ of inj; x1.m) | inj, x3. mj]) € OT[[S‘P]]E.

Case dsq,s1.t1 + to = sf 4+ sj
Note that in this case E* [case [] of inj; x1.m |inj, x2. mjy] # E7, since

case []r of inj, x;.m] | inj, x5. m, : s + s§=t. Therefore FD-Val cannot apply.
By FD-Stuck, it suffices to show (W1, casem’ of inj, x1. Ef[m}] |inj, xo. E¥[m}]) €
5T[[S;ﬂ§. (We ignore alpha-renaming w.lo.g.)
By the IH applied to D, A; Gy, G<, Gy, TH,I' F m : t; + to, we know (W, m’) €
Eflsf + sJ12.
Let W2 = (W3,x; : t;)
By Lemma @l (Monotonicity of gf[[I‘]]f), we know (Wa,7) € gf[[rf]]‘? and (Wa,v) €
gz, A
By the IH applied to Dy, A; Gy, G, Gy, TH, I x; ¢ t; B my ¢ t, we know (Wa,m!) €
eTe]Z.
By Lemma (Monotonicity of ICT[[t, sﬂ]?), we know (Wy, E¥) € ICT[[t, sﬂ]?.
Instantiating (W2, m!) € ET[[t]]f with (W, E), we know (Wo, E*[m]]) € ET[[sq‘]]f.
By FD-Subterm and FD-Case, (Wy,casem’of inj, x;. E*[m}]|inj, xo. Ef[m}]) €
5T[[S;ﬂ§.

Case Elsf'.tl = sf‘, but Esj.tg = sj‘.
We must show (W1, E* [case m’ of inj, x;. m |inj, x2. mj]) € ST[[S%]]?.
By the IH applied to Dy, A; Gy, G<, Gy, TH,I' F m’ : t; + to, we know (W, m’) €
Ellst + ta3.
By (Wi,m’) € 8T[[sfr + t] 7, it suffices to show (W1, E* [case [ ] of inj, x;. m) | inj, x2. m]) €
K sT + t2,5T]Z.
Note that E* [case [ ] of inj; x1.m) | inj, x5. mj] = Ef since case []r of inj; x1.m) |inj, x2. m} :
st + to=>t.
For arbitrary Wy O W4, (Wy,inj;, m”) € \)T[[sfr + t2]¥, we must show
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(W, Ef[case inj; m” of inj; x1.m), |inj, x3. mj)) € ST[[S;]]?.
By FD-Val, it suffices to show (Wy, E* [m/[m” /x;]]) € ET[[S‘V‘]]?.
Case i=1
Note that (Ws, m”) € ST[[sf' T and t; = sf.
By the IH applied to D¢, A; G¢, G<, Gy, I"jr,xl : sf‘,I‘ F mj : t, we know
Dy, A; Gy, G<, G, TH xq 15T, TEl my : ¢
Recall that Wy D W. So by Lemma (Monotonicity of QT[[I‘]]g), we know
(W2,v) € GTITIZ, (W2, v [x1 = m”)) € 61 xa 2 5T
We instantiate Dy, A; Gy, G, G, T7,x; 57,0 El my @ t. with 6 € DI[A]Z,
(W2,v) € GTITIZ, (Wa,y 1 - m”)) € 6T xq 2 5T
Therefore we know (Wa,v[x1 — m”](m})) € STIIt]]? Note that this is exactly
(W2, mj[m"/x1]) € ET]IF.
Instantiating (W2, m [m” /x4]) € “:T[[t]]é2 with E*, we conclude (W, E [m/, [m” /x4]]) €
elstz.
Case i=2
Note that (W, m”) € ST[[tg]]f ) )
By the IH applied to Dy, A; Gy, G<, Gy, [T, T, x5 : to - ms : t, we know Xp; B, Gy, ', %2
to T m, : t.
We instantiate this with & € ’DT[[A]]E, (Wa,v[x2—m"]) € QT[[I‘,xz (ta]E, (Wa,y) €
g1z
Therefore we know (Wa,v [x2 — m”](m})) € ST[[t]]E. Note that this is exactly
(W, mj[m"/x2]) € ET]T.
Instantiating (Wo, m5[m” /x5]) € 8T[[t]]§ with E* | we conclude (W4, E* [m)[m” /x]]) €
Ntz
Case Hsi.tg = s;r, but ﬂsf.tl = sf.
The proof of this case is symmetric to the previous case. The primary difference is the
cases for i = 1 and i = 2 are switched.
Case Esf‘, sj.tl = sfr or ty =sj
This case is analogous to the previous cases. We repeat it since both types are non-
translation types and it is not obviously symmetric.

We must show (W1, E [case m’ of inj, x1.m) |inj, xo. mj)]) € ET[[S'P]]?.

By the IH applied to D, A; Gy, G<, Gy, TH,I' F m : t; + to, we know (W, m’) €

ENfty + to] 5.

By (Wi, m’) € 8T[[t1 + t2]Z, it suffices to show (W1, E¥ [case []7 of inj, x;. m) | inj, x2. mb]) €
Ntz

For arbitrary Wo D Wy, (Wa,inj; m”) € VT[[tl + tg]]?, we must show

(W3, E* [case inj; m” of inj; x1.m) |inj, x3. mj]) € ET[[S‘V‘]]?.

By FD-Val, it suffices to show (W, E¥ [m;[m” /x;]]) € 8T[[s%]])5:.

By the IH applied to Dy, A; Gy, G<, Gy, T x5 1 6, ' F my; : t, we know (Wa, v [x; — m”] (m)) €
£T[[t]]62. Note that this is exactly (W2, m{[m" /x;]) € £T[[t]]§.

Instantiating (Wa, m{[m” /x;]) € STﬂt]]f with E*, we conclude (Wy, E* [m][m" /x;]]) €
eNsHE.
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Case FT-Fun

Dy, A;Gy, G, G, TT x:t,Thm:ty Dy Akt
Dy, A; Gy, G<, G, TT, T F Axitm : t — ty

We must show Dy, A; Gy, G, G, T, T ET Axitrm : 1 — to.
For arbitrary Fi’,l“j,é,%y. such that & € DT[[A]]E, (W,7) € gﬁ[l‘f]]?, (W,v) € QT[[I‘]]E, we
must show
(W, 8(v(v(Ax:t1m)))) € ET[t1 — 2]
For brevity, let m’ = §(y(y(m))), and t} = &(t;).
Case ds;.t;=s1, and dsp.to =s)
We must show (W, Ax:tj.m’) € ST[[siF — sf]}?.
By the IH applied to Dy, A; Gy, G<, G, I";L,x :t, T F m : ty we know: (W, x: sf),m) €
els513.
By FD-Fun, we know (W, Ax:t\.m’) € ST[[sf' — sj}]?.
Case dsj.t;=s;, but Asy.to =s;
We must show (W, Ax:t].m’) € ST[[sfr — t2]F.
For arbitrary Wy, D W, (W, E¥) € ICT[[SIAL — t2,57]%, we must show (W, E* [Ax:t).m']) €
OT[[S:*]]?.
By the definition of ICT[[S;Ar — tg,sj’]]éz, it suffices to show (Wq,Ax:t).m’) € \)T[[sfr — t2]F.
By the definition of VT[[sf' — t2], it suffices to show, for arbitrary Wy D W1, (Wa,my) €
Sﬁ[sf]]?, that (Wa, m’'[x/m4]) € ST[[tQ]]§:7 which follows by the TH applied to
Dy, A; Gy, G, Gy, o x: sf‘,I‘ Fm:ty, with (Wa,y[x+— my]) € QT[[F"lF,X : sf']]?.
Case ds,.to =sp, but As;.t; =15
We must show (W, Ax:ti.m’) € ST[[tl — s;r]}éz.
For arbitrary Wy D W, (W, E*) € ICT[[tl — sé‘, sﬂ]?, we must show (W, Ef [Ax:t).m']) €
ol[sH)=.
By the definition of ICT[[tl — sj,sjr]]éz, it suffices to show (W1, Ax:t).m’) € VT[[tl — sj]]?.
By the definition of VT[[tl — sj‘ ¥, it suffices to show, for arbitrary W, D Wy, (W3, my) €
5T[[t1]]§, that (Wa, m’'[x/m4]) € 1.‘,'T[[s;r ¥, which follows by the IH applied to
Dy, A; Gy, G, Gy, r,rx: sf’ Fm:ty, with (Wo,y[x+— my]) € gT[[F,x St

Case Asi.t1=s1, and Asy.to =s)
This case is exactly analogous to the previous cases.

Case FT-App

Dy, A;Gy,G<, G, TT,TFmy 1ty — t5 Dy, A;Gy,G<, G, TT, T Fmy : £y
Déa Av Gfﬁ Gja Gka r417]-—‘ F mj; msy : t2

We must show D¢, A; Gy, G<, Gy, F‘V‘,I‘ T mp; my : to.

For arbitrary Fi’,l“;r,é,%y. such that & € ’DT[[A]]E, (W,v) € gﬁ[rf]]?, (W,v) € QT[[I‘]]E, we
must show

(W, 5(+(v(ms m2)) € Ees]3
For brevity, let m} = 8(y(y(m1))), and m) = 8(y(y(mz2))).
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Case dsy.ty = sj

Case ds;.t;= sf.
We must show X
(W.m} mj) € £JT7.
By FD-Subterm and FD-App, it suffices to show (W, m)) € c‘,'T[[s1 — s, ]]Z and (W, m}) €
ST[[sfr 527 which follow by the IH applied to D¢, A; G4, G<, Gy, r+ JTFmy:t; — ty and
Déa Aa G@) Gj) Gk; r+7r = my tl

Case JAs;.t;= sf.
We must show R
(W, m} mj) e £sf]3. A A
By the TH applied to Dy, A; Gy, G, Gy, T, T' - my : t; — s, we know (W, m}) €
ST[[fq — S;ﬂ?
By definition of 8T[[t1 — s5]%, it suffices to show (W, []p mj) € ICT[[tl — 55, sT]2.
For arbitrary W' O W, (W', Ax:t|.m) € VT[[sf' — t2]F, it suffices to show (W', (Ax:t[.m)m}) €
ol[sH)=.
Note that (Ax:t}.m) m} = E*[u].
By the IH applied to Dy, A; Gy, G, Gy, T+, T my : t1, we know (W, m}) € £1[t,]Z.
By FD-Val and the definition of ST[[SJF]]2 it suffices to show (W', m[m} /x]) € ST[[SQL ,
which follows by instantiating (W', Ax:t}.m) € VT[[tl — s;]]%: with (W', m}) € ST[[tl]]?.

Case /Asy.to = s;r
We must show
(W,mj m}) € € [[tgﬂz
For arbitrary W; D W, (W1, E*) ¢ ICT[[tg,er]] , it suffice to show (Wq, Ef [m/ m}]) €
ol[sH)=.
By the IH applied to Dy, A; Gy, G, Gy, TH T F my : t; — s}, we know (Wy,m)}) €
Nty — T2
By definition of 8T[[t1 — s , it suffices to show (W, E¥[[]r m}]) € ICT[[tl — s, ,er]]E
For arbitrary Wy D W1, (W2, Ax:ti.m) € VTIIS1 — t5] 7, it suffices to show (W, EF [(Ax:t}.m)mb]) €
(’)T[[s:*]]?
Note that E* [(Ax:t}.m) mj] = Ef [u].
By the IH applied to Dy, A; Gy, G<, Gy, F‘V} I'F m; : t;, we know (Wo,mj) € ST[[tl]]?
By FD-Val and the definition of £ T[[sjr]]f, it suffices to show (Wy, E* [m[m) /x]]) € OT[[SJ}]]SE.
By Lemmaapplied to (W1, E*) € Kﬂ[tg,sﬂ]g‘, we conclude (Wy, E) € ICT[[tg,sjr]]?.
By (W, ET) € KZT[[Q, sﬂ]?, it suffices to show (Ws, m[m}/x]) € (‘:T[[tz]}?7 which follows by
instantiating (Wz, Ax:t).m) € VT[[tl — sj]]? with (Wa, m}) € ET[[tl]]?

Case FT-Abs

Dy, a i k,A; Gy, G<, Gy, TH, T Fm: t
Dy, A; Gy, G<, Gy, F'T', ' Aa:km:Va:k. t

We must show Dy, A; Gy, G<, Gy, TH, T E! Aasikm : Vask. t

For arbitrary Ff,l";r,éﬁ,y. such that & € ’DT[[A]]Z, (W,v) € QT[[Ff]]f (W,y) € QT[[I‘]]S, we
must show
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(W, 8(y(y(Aa::k.m)))) € ST[[‘V’a::n.t]]f.

For brevity, let m’ = §(y(y(m))).

Case IT;sVa:k.t=(Tys)T.
We must show (W, Aa::k.m) € ST[[(Tg s)jr]]g. A A
By FD-Return, it suffices to show (Wi, k : sT — (T;s) T W), m/[(Ty s) T /o (pf[¢ < Ty s] k) €
eNTes)*? A
Let m'[(T;s)™/a] = m”.
Let 8' = § [a > (Te9)*, £1[(Te 5)712)] -
By the IH applied to Dy, a :: #, A; Gy, G<, Gy, M rrm: (< & a) % (S‘V‘ — a)) = a,
we conclude (W, m") € ST[[((dj dp a) X (st — a)) — a]Ps.
By Lemma (Monotonicity of € T[[t]]?)7 we know
(Wiok:st = (Te)F; Wr),m") € EN((6x @ @) x (st = a)) = a]T6.
Therefore, it suffices to show
(Wi, k57— (Tis) 5 Wr), [ (pf[f < Tes] k) € K@< 6w a) x s+ = o)) = o, 8%,
For arbitrary W1 2 (Wi, k:st — (T, s)T; W),
(Wi, Ax:(...)my) € VI[((6< @ @) x (st = a)) — a] ¥,
show (W1, (Ax:(...).my) (pf[¢ < Ty s] k) € £1]a] =6
By definition of £ T[[oz]]?, it suffices to show
(W, (Ax:(...).my) (PE[C < Tes)k)) € ET[(Tes) ]2,
By FD-Val, it suffices to show (W1, my[(pf[¢ < Ty s].k)/x]) € ET[[(Tg s)ﬂ]?.
From (W1, Ax:(...).m) € VI[((&< & a) x (s7 — @) — a6’ and definition of £ [a] T,
it suffices to show
(W1, (pE[¢ < Tes] k) € EN[(6< ¢ a) x (st — )6
For arbitrary Wy D W, (Wy, ET) € ICT[[(éj dp a) x (st — @), 8']¥, we must show
(W2, E*[(pE[¢ < Tes].k)]) € O8]
By assumption that (Wy, ET) € KT[[(dj dy a) x (st — «),8']¥, it suffices to show
(W2, (BE[ < Tes) i) € V(6= e @) x (5 — )75
The proof that (W2, k) € elst — 78’ is similar to the the FT-Var case for x : st — (Tus) ™.
Recall that the type of pf[¢ < Tys] is (&< &y (Tys)™), which cannot appear in evaluation
position. Therefore, (Wy, pf[¢ < T;s]) € ST[[(dj &y «)]F s’ is vacuously true.
Therefore, (W, (pf[¢ < T;s].k)) € VT[[(dj ép a) x (st — a)]F8’, completing this case
of the proof.

Case ATysNVa:k.t=T, st
We must show (W, Aa::k.m’) € ST[[Va::K.t]]?
For arbitrary Wy O W, (W, E*) € ICf[[Va::h:. t, 54‘]]?, we must show (W1, E* [Aa::k.m']) €
OT[[S$]]§:.
By definition of (W, E*) € ’CT[[VQ::H. t, sﬂ]?, it suffices to show (W1, Aa::k.m’) € VT[[Va::K,. t]2.
To show (Wi, Aa::k.am’) € VT[[Va::m.t]]E, it suffices to show, for arbitrary Wo 2 Wy,
(t, R) € Rell Z (Wa,m' [t:/a]) € ST[[t [ti/a]]Z8 [a — (t/,R)], which follows by IH applied
to Dy, it K, A5Gy, G, G, TH, I Fm’ : t.

Case FT-Inst We know
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Dy, A;Gy,G<, G, T, T Fm:Vaik.t; DyAbty:k
DZ, A, GZ? Gja Gka rjr’ 'tm [tQ] : tl[tQ/a]

For arbitrary Ff,l";r,éﬁ,y. such that & € ’DT[[A]]Z, (W,v) € Q’T[[Ff]]?, (W,y) € QT[[I‘]]?, we
must show

(W.5(r(v(m [t2)))) € €T [oulta /I3
For brevity, let m’ = §(y(y(m))).
Case Is.tifts/a] =sT.
We must show (W, m [to]) € 8THSJ}]]A)5:.
Note then that AsVa:k.t = (T,s)7.
By the IH applied to Dy, A; Gy, G<, Gy, FiI‘ Fm: Va:k. t, we know (W, m') € ET[[Va::H.t]]éz.
By (W,m’) € ST[[VCXZZK,. t]Z, it suffices to show (W, []r [t2]) € KT[[VaZZK.t, s‘i‘]]?.
For arbitrary W' D W, (W', Aa::k.m”) € VT[[Va::n.t]]f, we must show (W', (Aa::k.m”) [t2]) €
ol[sH)=.
Note that []r[to] = E*. Therefore, by FD-Val, it suffices to show (W', m”[ty/c]) €
ST[[SJF]]?.
By Lemma @ (back-translation type interpretation is well-formed) applied to A F t5 :: &
we know (to, 7 1[to = k1 — k2]|F) € Rell =
Instantiating (W', Aa::k.m”) € VT[[‘v’oz::fc.t]]gJ with (tQ,TT[[tQ k1 — K2]Y), we conclude
(W', m"[ts/a]) € ET[t] =5 [a > (b, Tt = ﬁ]]?)].
By Lemma (Compositionality), we conclude (W', m”[t,/a]) € ET[[S‘V‘]}E.
Case As.tifty/a] =sT.
We must show (W, m’ [to]) € ST[[tl[tz/a]]]?
For arbitrary Wy D W, (W, E*) € Kﬁ[[t,s‘?']]?, we must show (W1, E [m/ [t2]]) € OT[[S'P]]?.
Case Js.Vaux.t;=(T;s)t.
Then E* must equal []pm” where p; ¢, Gy, I Fm” (&< Gy (Tys)™) x (st — (Tys) ).
By FD-Bind, it suffices to show (W1, m’) € OT[[SJ}]]?, which follows by IH applied to
Dy, A; Gy, G<, Gy, T+ T F m : Yok, ty, and (W, prj, mp,) € O1[sH]E.
By (W, E*) € ICT[t, s+ 2, it suffices to show (W1, Ax:(6< 6 (Tes)F) x (s7 — (Tys) ) priyx) €
VIR
For arbitrary Wo O W4, (Wa,my) € ST[[(dj ap (Tes)h) x (s7 — (Tys)h) 5, we
must show (W, prj, m;) € ST[[S'F — (T, s)*]]?.
It suffices to show (Wa, prj, []T) € K:T[[S'; — (Tes)T,sH]Z.
For arbitrary W' 2 Wa, (W' my) € VT[[(dj ar (Trs)™) x (st = (Tes)M]Z, we
must show (W', prj, mz) € (’)T[[S‘V‘]]f, which follows from FD-Val and assumption that
(Wmz) € VI[(a< & (Tes)h) x (s — (T DT
Case FsNVa:*.t = (Tys)T.
Note that E* [[-] [to]] = E7. A
By the IH applied to Dy, A; Gy, G, Gy, [T, T F m : Va:k. ty, we know (W, m’) €
8T[[Vaiili.t1]]?.
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Therefore, it suffices to show (W, ET[[ ] [t2]]) € ’CT[[VQZZH. t1, 54‘]]?
For arbitrary W' D W, (W', Aa::k.m”) € vT[[VOAIZK.tQ]]?, we must show (W', E* [(Ac::k.m”) [t2]]) €
ol[sHz.
By FD-Val, it suffices to show (W', E* [m"[t,/a]]) € OT[[SJ;]]E, which follows by (W', Aa:::k.m”’) €
VT[[Va::&. t]2, Lemma (back-translation compositionality), and Lemma @ (back-
translation type interpretation is well-formed) applied to A F ts :: k.

Case FT-Eqv

We know

Dy, A;Gy,G<, G, TP, TFm:t;  ti=t, Dy Akty:x
Dy, A; Gy, G2, G, TT T Hm : ty

For arbitrary Ff,l“j,é,%y. such that & € DT[[A]]E, (W,v) € gf[[l‘f]]f, (W,v) € gﬁ[r]]?, we

must show

(W, 8(y(v(m)))) € ETt=]3.
For brevity, let m’ = §(y(y(m))).

We must show (W, m’) € 8T[[t2]]?.
By IH applied to Dy, A; Gy, G, Gy, M Tk m:t, we know (W,m’) € Sfﬂtl]]éz.
By Theorem (Coherence for back-translation relation), we conclude (W, m’) € £ T[[tg]]?.

O
Theorem 5.35 (Back-translation exists) )
If¥p;Yq, G, Tt Fm:st then Je. Z;Gy;TT Fm:sT1e.
Proof
Follows from Lemma [5.34] O

Lemma 5.36 (Back-translation preserves semantics (generalized))
Let 8 ={ay—éy | LeLiyU{axm ax}, v ={k:sT = (Tos)t =l | k:st = (Tos)T € Gy}
If¥p;¥q, G, TP Fm:st and ¥p;Xa, Gk, T Fm:stf e thenT | X ke~vy, (m):s|d

Proof

By induction on the structure of ¥p; ¥q, Gy, M rEm: ser e.

Case (FD-Unit) ;G TH F () 1 17 ()
For arbitrary ¢, (v,v) € G{[I's, must show ({), ()) € EX1]s.
Since () and () are values, it suffices to show ((), ()) € VZ“[[l]]s, which follows by definition.
(x: 54) ert
(FD-Var) - -
Case 3G TTFx:sTx
For arbitrary ¢, (v,v) € QZF[[F]]S, must show (v(x),v(x)) € 52_[[5]]5, which follows immediately
from (+,7) € GZMs.
k:(st = ()hHea
(FD-K) : (s A( ¢s)") = Mk
Case 3G T kst — Tpstf Ax:is.y,x
For arbitrary ¢, (v,v) € QZF[[F]];,, must show (Ax:s. 7, x, nf;’s) € 5?[[5 — Tes]s.
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It suffices to show (Ax:s.n,x, 7]1{’5) € Vzr[[s — Ty s]s.
For arbitrary (¢/,m’) € Sé[[s]]s, we must show (1, €/, AB:xAx: (o< ap B) X (st — B3)).((prj,x) m')) €
gzr[[Te S]]g. )
It suffices to show (1, €/, AB:x Ax:((ax oy B) X (st — 3)).((prj, x) m')) € Vzr[[Tz s]ls-
Let p = [[C}']]CZ
By V&"[Tg s]s, it suffices to show Im".¥p; ¥, Gy, r+m’: sjr) such that
o (M((ax_ar (FTus) x st = (FTos)).((prjs x) m')) (pf[£ < Tes]®),m® m”) €
£1T 913 o
By evaluation we see that (Ax:((a< ay (FTys)) x 57— (FTys)).((prisx)m/))(pf[¢ < T s]nt), nem”)
is equivalent to (nf{’s m’, nﬁ’s m").
So, let m” = m’. By Theorem [5.14] we know (e m’, e m') € E[(T, )]
o (¢,m") € £/s]s
Since m” = m’, this hold by assumption.
G T Fm:s/fe
(FD-Sum) = = =
Case 3 G T Finj; m sf + s;f inj; e
For arbitrary ¢, (v,v) € erﬂl"]]é, we must show (inj; v(e), inj; v(yx(m))) € Szr[[sl + s2]s-
Since inj; y(e) and inj; 8(y(vk(m))) are values, it suffices to show (inj; y(e), inj; 8(v(yvk(m)))) €
VZF[[sl + 52]]5.
By definition of VZ“[[sl + so]s, it suffices to show (v(e), §(y(yk(m)))) € 52’[[5;]]5, which follows by
IH applied to ¥p; Xa, Gy, M Fm :s; .
G Fmyisfter ZGGT T Fmy:site
(FD-Pair) K m1 i Sy e G Fmy sy Te
Case 3G T (my,ma) 157 X sTF (e, e0)
This case is analogous to the previous case.
G x:stFm:sife
(FD-Fun) ~ - - =
Case 3G T Axisf m st — s34 Ax:sp.e
For arbitrary ¢, (v,v) € QZ‘[[F]]S, we must show (Ax:s;. ’y(e),?\x:sf.é(y(yk(m)))) € 52’[[51 — so]s-
Let e; = v(e) and may = 8(y(yy(m))).
It suffices to show (Ax:s;. e, Ax:s.mz) € sz[[sl — so]s-

For arbitrary (e;,my) € Szr[[sl]]s, we must show (ep[e; /x|, ma[m; /x]) € 5?[[52]]5, which follows by
TH applied to Xp; Xq, Gy, F‘T‘,x : sf Fm: sfr — sj.
G, ki (5T = (Tos)M);TH F m[(Tes) T /8] (pf[¢ < Tes] k) : Testte
(FD-Return) = >
Case 3G TTHFAB:«m: Tystfe
For arbitrary ¢, (v,v) € gj[[r]]é, we must show (v(e), 8(v(v(AB::x.m)))) € EZ_HTg st]s.
Let ¢ = 7(e) and m’ = 8(y(yy (m)).
It suffices to show (¢/, )AB:x.m’) € 52'[[Tg st]s.
By IH applied to ; Gy, k : (st — (Tys)T); T - m[(T, s) /8] (pf[¢ < Ty s].k) : Ty st e we know
(¢/, my[(Tes) ™ /8] (PE[¢ = Tes]n®)) € ELTes]s.
By Lemma (Cross Lang. Relation Respects Target Relation), it suffices to show
(my[(Tys)*/B] (PF[C = Ty s]n®), ABuxmy) € E[T, st
By Lemma/|5.18|(Free Theorem: nf(’s shuffling), we know (AB::x.my, my [(T,s)T/B](pf[¢ < Ty s]],nf;”'s)) €
8[[Tg S+]]§.
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By Lemma (Target Relation Symmetric under Lattice Interp.), we know
(s [(Te )™/ 8] (PEIE < Tes]y®), AB:wma) € E[Te s}
3G T my, : (ax ap s7) x (57 = sh) )
(FD-Bind) 2 Gt Em: (Tes) Tt e ;G T+ prj, my, ST 5 stie
Case EGk,F+I—m[ ]mp st4 bindx=eine’ x
For arbitrary ¢, (vy,v) € gjﬂr]]é, we must show (7y (blndx—elne x), 8 (v (Vi (m [sj“]mpf)))) 5+[[s]]5.
Note that since Xp; X g, Gy, e prj, mpr: (@< oy s ) by Lemma we know ¢ < s.

Let bindx=ejine;x = y(bindx=eine x) and m; [sT] m oe = 8(v(vi(m [s+] mpyr)))

By IH applied to Z];Gk;r+ Fm: (T, s) 1 e, we know e; —* 1, €], and m; —* AB:x.m],
and (n, e}, AB:x.m)) € Vzr[[Tg 5.

Therefore, 3m,.(mf [(+T, s')/BI(PEIE < To o1, ntomy) € E[(*Te IS and (e, mY) € £11']s
By Lemma (Cross Lang. Relation Respects Target Relation) and Lemma- Free Theorem:
ne® shuffling), we know (1, €}, 75° mY) € VT s

By Lemma (Free Theorem: ni’s shuffling) and Lemma (Target Relation Transitivity) we
know

(e mf) [s7] mpe, my [s7] mye) € E[sT]7.
Note that bind x = e; in e; x —* €5 €}, and (75° m}) [s7] mpe —* (prj, mp¢) mj.
Therefore, to show (bindx=ejineyx, mj [s:*]m’pf) € Ezr[[s]]s, it suffices to show (exef, prj,m ,m7) €
52[[5]]5.
Since (e],mfy) € 5+[[s’]]5, it suffices to show (e, prj, my;) € 5+[[S — s]ls, which follows by IH
applied to 3; Gi; T F prj, mpe : s + st
S GTTFF:sf=st1 ' Gl Fm:sife
(FD-Subterm) £ L= T i i
Case E'Gk;r+ - F[m] : +f F/[ ]

By inlining the possible cases for X; Gy; M rF: s1 :>52 + F’, this case requires 3 subcases. Each
follows simply by the TH.

Ef[u] — 3G T Fmy sy
(FD-Val) W —m T hmacsfe
Case G TTFE [u]:s5t e

Follows by IH applied to 3; Gy; rt+ mj : J}T e and evaluation.

IR Gk,r F case mof inj, x1.m; |inj, x3. my : t where As'.t —s+

%5 Gig T - casemof injy yy. B [maly, /xa]] | inj, y5. B [mafys/xa]] stie

hyi,
(FD-Stuck) . (fresh y1,Y2) .

Case 3 Gi; Tt F Ef[casemof inj, x1.my |inj, x2. my] :s71 e

Follows simply by IH applied to
¥; Gi; T+ F casemof inj, y,. Ef [my[y, /x1]] | inj, y,. E*[maly,/x2]] : sT1 e and evaluation.

O
Theorem 5.37 (Back-translation preserves semantics)
Let & = {ay — &y | éEﬁg}U{Ozj*—)dj}.
IfXFm:st, then ¥;-;m:sTF e and ¥¢.(e,m) € Szr[[sﬂ;,.
Proof
Follows from Lemma [5.36] and Theorem [5.351 O
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5.6 Equivalence Preservation

Lemma 5.38 (Preservation and Reflection of Closed Terms)
Let p = [[E;]]?, (e1,my) € Egﬂsﬂpl, and (e, my) € 52‘[[5]],02. Then:

1a If (e1,e) € E[s]¢, then (my, my) € E[sT]>.

1b If (my,mz) € E[s*]}, then (e1,e2) € E[s]c.

2a If (vi,v2) € V[s]¢, then (u1,uy) € V[sT]>.

2b If (uy,uy) € V[st]>, then (v1,v2) € V[s]c.
Proof

Part 1 follows easily from part 2.

Proof by induction on the structure of the type s.. There are two interesting cases.

Case 2a s; — S
(1) Have: (7\X 1S1.€p, AX :S7. 6/2) € V[[Sl — Sz]]g.
(2) Have: (Ax:s;.ep, Axisf.mg) € 52'[[51 —52]p, -
(8) Have: (Ax:sp.eh, Axisf.mb) € EfJs1 = sa]p, -
Must show: (Ax:s{.my, Ax:s{.mb) € E[s{ — s3]%
(4) Consider arbitrary my, m} such that (m;, m}) € £[s/ ]}
Must show: (mg[m; /x], m5[m] /x]) € E[s3]>
(5) Have: Jej.(e1,mq) € 52‘[[51]]101 from Theoremw (Back-translation preserves semantics)
(6) Have: Je).(ej,m}) € 5?[[51]} p, from Theorem W (Back-translation preserves semantics).
(7) Have: (e1,e}) € E[s1]¢ by IH (1b) apply to s1.
Instantiating (1| with [7} (e2[e1/x], e5[e]/X]) € E[s2]¢
Instantiating [2[ with [5¢ (ez[e1/x], ma[my /x]) € 52‘[[52]]‘,1
Instantiating [3[ with @ (ehlel /x|, mh[m) /x]) € Ezr[[52HP2
Proceed by induction (Za): (mz[my/x], mj[m} /x]) € £[s3]%
Case 2a T;s;
(1) Have: (n,ez2,m,€5) € E[Tesi]e.
(2) Have: (n,ep, AB:kmy) € 52_[[1_@ s1]p, -
(3) Have: (n,e5, AB:x.m)) € 82_[[-'_( s1]p,-
Must show: (AB:s.my, AB:x.m)) € V[(Tys1)t]>
To show this, there are two cases.
£ € ¢ This case is indirect, i.e., doesn’t use the induction hypothesis.
Have: (ez,€}) € Es1]¢ from [i}

Have: Img.(my[(Tes1)t/B](pf[¢ < T )™y, ne*mz) € E[(Ty s1)*]> and (e2, my) € 52'[[51]],,1
from [21

Have: Jmj. (m) (T, s1)* /8] (pELE < Te slr®), nioms) € E1(Ty s1)*+]5 and (ehy mi) € £1s1],,
from B

Therefore: (m2, mp) € E[s{]3.
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Have: (A,B k.my, nk *my) € E[(Tys1)*]} by Transitivity (Lemma and nis shuffling

(Lemma [5.18]).

. .. o ls ER D> s .
Have: (AB:+.mfy,n” my) € E[(Tys1)]; by Transitivity (Lemma D and 7, shuffling
(Lemma [5.18)).

Have: (1%, 15°) € E[si — (T, s1)*]> by Fundamental Property (Theorem.
Therefore: (771{’5 mo, ni’s mj) € E[(Tes1) 17
Have: (AB:x.my, AB:xm € E[(Tys1)]Y) by Transitivity (Lemma and Symmetry
(Lemma[5.7)).
¢ 7 ¢ Consider arbitrary 7 such that 7 € RelZ.
Must show: (my[m1/8],m}[m2/B8)]) € E[((a<x v B) X (sf — B)) — ﬂ]]f[a”%m]
Have: my[my /8] —* Ax:(a<x oy m1) X (sf — m1).m,.
Have: m[ma/B] —* Ax:(a<x ayp m2) X (sf — m2).mb.
Let p' = pla it kK = 7).
Consider arbitrary m, m’ such that (m,m’) € £[(a<x oy, B) x (sf — ,6)]]?,.
Must show: (ma[m/x], m5[m’/x]) € 5[[,8]]5
By definition of p, namely the relation on a<, we know g = Atom 71, 7r2]2
Therefore: (mz[m/x], m,[m’/x]) € E[B].
Case 2b T;s;
(1) Have: (AB:xmy, ABuxm)) € V[(Trs) ]
(2) Have: (nye2, AB:xmy) € 52_[[-'_( si]p, -
(3) Have: (n,e5, AB:x.m)) € 52_[[-'_@ s1]p, -
Must show: (1, e2,m,¢€5) € V[T; s1]¢
Assume that ¢ C :
Must show: (e, €}) € E[s1]¢
Let R = {(my, m2) € Atom [(Tg s1)*t ]E |
(C ¢ = (Vm/,m".((mq,n2°m’) € E[(T, s)]Y A
(mz,n° m”) € E[(Tys1)*]Z) =
(m',m") € E[s]7)}-
Let m = (p1((Tes1)™), p2((Tes1) ™), R).
Instantiating [1] with 7r:
Have: mq[p,((Tes1)h)/B] —* Axi(a<x ay (Tys1)T) X (st — (Tesy)t).my
Have: m/[p;((Tes1)T)/B] —* Ax:(a<x ayp (Tes1)T) X (st — (Tysy)™).mb.
Let p' = p[B+— 7.
(4) Have: (Ax:(a< o (Tes1) ™) X (st — (Tysp)T).ma, Ax: (< oy (Tysp)™) X (st — (Tesp)t).mb) €
E[((ax o B) X (st — B)) — Bl -
Let m = (pf[¢ < T, sl]],nk ).
Note that if £ Z ¢, R = Atom [(T, sl)+]§
(5) Therefore: (m,m) € E[(a<x oy B) x (st — B)]}.
Have: (mz[m/x], my[m/x]) € £[B]> from@andﬁ
(6) Have: Vm', m” such that If (ma[m/x], nf('s e (T, sl)*‘]]E and (m}
then (m’,m"”) € £[s{]> by definition of R and by assumption ¢ C (.
Have: dmiy.(m1[(Tes1)™ /B8] m ,nk *miyp) € E[(Tys1) 1]} and (e, miz)

[m/x], 7 m”) € E[(Tes)*I3,
€ &lls1l,, by [}
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Have: 3mi.(m [(Ty s1)* /8] m, 7.° mj) € E[(Tys1)*]> and (), mb) € Efs1],, by
Instantiating |§| with mis and rﬁ’z (ma, rﬁ’z) € E[s 17
Proceed by induction (1b): (e2,€5) € E[s1]¢

Lemma 5.39 (Equivalence of Substitutions)
Let p = [L1Z, (v1,v1) € Gllslp,» and (72, v2) € Gflslp,, then:

1. If (71772) € gIIs]]C; thC’I’L (Y17Y2) € g[[s+ﬂ;]:));G

2. If (v1,72) € GIsT1C, then (v1,72) € Glsl¢
Proof
Follows from Part 1 of Lemma [5.38

The following final theorem requires a few uninteresting extensions:

Fv: T~ v| where EZ’;EE,5+}—y:F+

-Fe:s~m Fy:T~y

FO:-~0 Fryx—el:T,x:s~ y[x— m]
Figure 31: DCC to F,,: Subst. Translation

Corollary 5.40 (Translation of Substitions)
Let 6 ={aym &y | L€ Lo} U{ax— &<}, ve = [[EE]], and y< = [=<*].
IfEry:T thenty:T~y and (v, vc(v<(v)) € G5

Z;Gk;r;l—y:r+f'y where -~ : T

E;Gk;r$|-l—m:s;Te E;Gk;r';'l—yzr-"T’y
E;Gk;r%kﬂ):-T@ E;Gk;F%Fy[me]:Fﬂx:sﬁr’]"y[x»—)e]

Figure 32: Back-translation: F,, substitutions

Corollary 5.41 (Back-translation of Substitutions)
Letéz{angg | EEE@}U{QjO—)dj}
IfSFy:TT then 3y. ;G T Ey : Ty and (v,v) € GHTs
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Theorem 5.42 (~; Preservation and Reflection)
LetTHe;:s~mq andT'Fep : s~ mo.
1. IfTHei ~¢ep:s, then E;;ﬁg,jﬂlﬂr Fmg & mo:st.
2. Ifﬂj;EE, <t I Fmy & mo:st, then T e & e :s.
Proof

Part 1 follows from Lemma (Correctness of Translation), Lemma [5.41] (Back-translation of Sub-
stitutions) and part la of Lemma [5.38] (Preservation and Reflection of Closed Terms).

Part 2 follows from Lemma (Correctness of Translation), Lemma (Translation of Substitu-
tions), and part 1b of Lemma (Preservation and Reflection of Closed Terms). O

Theorem 5.43 (Noninterference: Indirect Proof)
IfTFe:sthenThFe~ce:s

Proof

By correctness of the translation:
Nre:s~m,TFe~m:s, and £; £, <T T+ Fm:st.

By parametricity, £;; L5, <7, T* Fm~m:st

Since EZ; EE, =T, Tt F m ~ m : sT quantifies over all D, G, p, v, Y2, the particular implementations
we use in the observer-sensitive definition work, so: £} ; EE, <t TI"rFmm~;m:st

By reflection, 'Fe~¢e:s. O
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