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Calculus of Constructions

Core calculus on which Coq is built



Dependent types

And high-assurance software



Dependent types

High-assurance software using dependent types

Verified in Coq!
——Ck)ompca
- CertiKOS
- Vellvm
- RustBelt
- CertiCrypt




Story of a verified program

Cog




Story of a verified program

Cog OCaml asm
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Story of a verified program

Coqg v OCaml 7 asm 7...7
- Bd - K ?
Compilation
can undo

verification



Compiler correctness!



A correct compilation story

Cog v OCaml v asm v
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Verity that the program we run is the program we verified



Compiler correctness
'S not the whole story



Correctness is the
"whole program story



No one™ writes whole
orograms

* Okay, well, not most people.



Story of a veritied component

Cog v OCaml 7 OCaml Xe_

Unverified
\>Q




Story of a veritied component

Cog v OCaml 7 OCaml X

&
\>

\ L'nkmg
Compilation can undo
can undo verification

verification



Story of a veritied component

Coqg v OCaml”? OCaml X asm? asm X7 asm X




Story of a veritied component

Coqg v OCaml”? OCaml X asm? asm X7 asm X

Compilation can undo
can undo verification

verification



> coqce verified.v
> link verified.ml unverified.ml

> ocaml verified.ml
[1] 43185 segmentation fault (core du

ocaml verified.ml

mped)



Be careful?

> coqce verified.v
> link verified.ml unverified.ml

> ocaml verified.ml
[1] 43185 segmentation fault (core du

ocaml verified.ml

mped)



No!
Be well-typed!

Coq Dep. Type ASM

X

Verified
type-preserving .
compilers Tpr checking
linkers




Typed Closure Conversion

A standard compiler pass for functional languages



A type-preserving compiler

¥ Continuation-Passing Style (CPS)

¥ Closure Conversion

¥ Allocation

<. Code generation

ﬁl Morrisett, Walker, Crary, Glew 1998




A type- preservmg compl\er

Theorem. (Type Preservation)
f

then * *translatesto




A type-preserving compiler

-Design typed intermediate language




A dependent type-preserving compiler

 Move from functional, compos:t/onal
to global, stateful, instruction based
* Which axioms can we use
(e g parametrlc:lty |mpred|cat|V|ty)




Srief history of preserving dependent types

¥ Continuation-Passing Style (CPS)

1999 2002+-...

2018

Impossibility result

Un-impossibility result




Srief history of preserving dependent types

¥ Continuation-Passing Style (CPS)

1999 2002+-...

2018

Impossibility result

Key insights:

for dependent type theory

Un-impossibility result

- Past work doesn't scale in the obvious way




Type-Preserving Closure Conversion

Closure Conversion

Key problem:
- Which axioms does past work rely on, and
can we use them?




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

(Goal: Translate] [+ f : A — B
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Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

|Goal: Translate

'Ff:A—B

Takes 1 argument, of type A
returns result of type B




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

|Goal: Translate

!I:.I—..f:A%B

And can refer to
lexical variables

S — S




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

Goal: Translate|

A_I_
To: [

Pair of data and a
code pointer.
(object)

R — —




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

Goal: Translate| [ F f:A—B

To: a r+,f+) : Closure(A™ — B™)

'\Where:| CEfT T 5 AT =S BT

Code pointers are closed
except formal arguments
(can be heap allocated).

e — e —




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

How do we implement a typed closure”

[T F (", f7) : Closure(A™ — B™)




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

How do we implement a typed closure”

[T F (", f7) : Closure(A™ — B™)
1. Not as pairs:
Mk (T ) Pair(TF, T — AY — BY)

apply cx < (sndc)(fstc)x




How do we implement a typed closure”

1. Not as pairs:
T r {7, 7Y Pair(lT", T — AT — B™)

apply cx < (snd c) (fstc)x




How do we implement a typed closure”
1. Not as pairs:
T r {7, 7Y Pair(lT", T — AT — B™)
apply cx < (snd c) (fstc)x
v Equal

2 : Nat b f :[Nat = Nat]

X Not equal




How do we implement a typed closure”
1. Not as pairs:
T r {7, 7Y Pair(lT", T — AT — B™)

apply cx £ (snd o) (fsto)x

X Not Secure



Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

How do we implement a typed closure”

[T F (", f7) : Closure(A™ — B™)
1. Not as pairs:
T H AT, 7Y : Pair(T,IT — AT — B™)

apply cx < (sndc)(fstc)x




Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

How do we implement a typed closure”

[T F (", f7) : Closure(A™ — B™)
1. Not as pairs:
T H AT, 7Y : Pair(T,IT — AT — B™)

apply cx < (sndc)(fstc)x

2. As existential pairs:

e Y Ja (o, (o > AT — BM))
apply cx = unpack(a, p)in (snd c) (fst c) x



How do we implement a typed closure”
2. As existential pairs:

T r( Y s o (a, (a0 > AT — BM))
apply cx © unpack(a, p)in (snd c) (fstc) x
v Equal

z:Natrf '




How do we implement a typed closure”
2. As existential pairs:

T r( Y s o (a, (a0 > AT — BM))
def

apply CX = unpack(a p)m (sndc) (fstc) x

" Vv Secure

Not definable



Type-Preserving Closure Conversion

The standard (non-dependent) type-preserving translation

How do we implement a typed closure”

[T F (", f7) : Closure(A™ — B™)

As existential pairs:

e ) Ja(o, (0 = AT — B™))
apply cx © unpack(a, p)in (snd c) (fstc) x



Dependent-Type-Preserving Closure Conversion

|Goal: Translatel T Ff:[1x:A.B




Dependent-Type-Preserving Closure Conversion

|Goal: Translatel T Ff:[1x:A.B

Takes 1 argument, x, of
type A.

20—




|Goal: Translate

Dependent-Type-Preserving Closure Conversion

[Ff:[1x:A.B

Returns result of type B.




|Goal: Translate

Dependent-Type-Preserving Closure Conversion

FI—%:HX:A.B

Refer to lexical variables




|Goal: Translate

Dependent-Type-Preserving Closure Conversion

LK ]
....
s 8
\“‘
.«

And so can types:
types can depend on terms




Dependent-Type-Preserving Closure Conversion

LK ]
....
s 8
\“‘
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\Goal: Translate [‘l— f - rlx A B

The term—level O

div : [1x: Nat. ﬂy Nat. [1p: y;éO Int

IThe term-level inequality function




Dependent-Type-Preserving Closure Conversion

LK ]
ttt
s"“
)
A

\Goal: Translate [‘l— f - rlx A, B
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Dependent-Type-Preserving Closure Conversion

\Goal: Translate [‘l— f Tl X : A B
0 (I, ) : Closure(x : AT — B™)
'\Where:| - £ Hr+H XN. A+ B+

Code pointers are closed
(can be heap allocated)




Dependent-Type-Preserving Closure Conversion

ow do we implement a dependently typed closure?

T F (I, f7) : Closure(x : AT — B™)

Hint: not as pairs



Dependent-Type-Preserving Closure Conversion

ow do we implement a dependently typed closure”?

T F (I, f7) : Closure(x : AT — B™)

INnt: not as pairs
INt: existential pairs don't work either




Digression on the
nature of existence



On existence

rF,O{:TypeI—A:Type‘
I'Fda : Type. A : Type
e YP YPJ

Key problem:
- Which axioms does past work rely on, and
can we use them?



On existence
It Ais a Type,

rI‘,(x:Typel—A:Type‘
I'Fda : Type. A : Type
e YP YPJ

Then




On existence

It Ais a Type,
under the assumption that o is a Type|

rI‘,a:Typel—A:Type‘
LI‘I—EIa:Type.A:Type“

Then




On existence

It Ais a Type,
under the assumption that o is a Type|

rF,O{:TypeI—A:Type‘
I'Fda : Type. A : Type
e YP€ YPJ

Then “there exists an o such that A holds of o”
s a Type.




On existence

rI‘,a:Typel—A:Type‘
I'Fda : Type. A : Type
e YP YPA

Properties:



On existence

rI‘,a:Typel—A:Type‘
LI‘I—E]a:Type.A:Type“

Properties:
1. Existence Iis impredicative
(formed by quantitying over Types including itself)



On existence

rI‘,a:Typel—A:Type‘

LI‘I—E]a:Type.A:Type“

Properties:
1. Existence Iis impredicative
(formed by quantitying over Types including itself)
2. EXistence is computationally relevant
(terms of this type can be used when running a program)




On existence

rI‘,a:Typel—A:Type‘
I'Frda: Type. A: T
e YP YPeA

Properties:
1. Existence is impredicative
(formed by quantitying over Types including itself)
2. EXistence is computationally relevant
(terms of this type can be used when running a program)
3. EXistence is parametric in o
(terms cannot make inspect o at run-time)




On existence

'I'I‘,Ot:Typel—A:Type‘1
LI‘I—E]a:Type.A:Type“

Properties:
1. Existence Iis impredicative
(formed by quantitying over Types including itself)
2. EXistence is computationally relevant
(terms of this type can be used when running a program)
3. EXistence is parametric in o
(terms cannot make inspect o at run-time)
4. EXistence can be used in large elimination
(we can compute types from term ot existential types)




Existence i1s incompatible with reality
rI‘,oz:Type I—A:Type‘
LI‘ |— Ela:Type.A:Type“

We could add this axiom, in theory, but in reality:




EXxistence Is iIncompatible with reality
rI‘,oz:Type I—A:Type‘
LF - EIa:Type.A:Type“

We could add this axiom, in theory, but in reality

1. Some type theories do not admit impredicativity
(Agda, Coq for computational Types (by default))



EXxistence Is iIncompatible with reality
rI‘,oz:Type I—A:Type‘
LF - EIa:Type.A:Type“

We could add this axiom, in theory, but in reality

1. Some type theories do not admit impredicativity
(Agda, Coq for computational Types (by default))

2. Some type theories do not admit parametricity
(Agda, Cog by default)



EXxistence Is iIncompatible with reality
rI‘,oz:Type I—A:Type‘
LF - EIa:Type.A:Type“

We could add this axiom, in theory, but in reality

1. Some type theories do not admit impredicativity
(Agda, Coq for computational Types (by default))

2. Some type theories do not admit parametricity
(Agda, Cog by default)

3. Incompatible with set theory.

1. Impredicativity + large elimination + excluded middle
Implies False

2. Impredicativity + relevance + excluded middle
Implies False



Dependent-Type-Preserving Closure Conversion

ow do we implement a dependently typed closure?

T F (I, f7) : Closure(x : AT — B™)

1. not as pairs
2. not as existential pairs



Dependent-Type-Preserving Closure Conversion

ow do we implement a dependently typed closure?

T F (I, f7) : Closure(x : AT — B™)

1. not as pairs
2. not as existential pairs
3. as.... closures

Pros:
e \Works

Cons:
* Require proof of consistency
* Unclear how past work (optimizations”) applies



Closure Axioms



Closure Axioms

.n: A" x:Are:B
F'tAn:A’'x:A e:Code(n:A’,x:A).B

|CoDE]



Closure Axioms

Well-typed code pointer

.n: A" x:Are:B
F'tAn:A,x:A. e:Code(n:A’,x:A).B

|CoDE]

ipointing to e, |




Closure Axioms

Well-typed code pointer

.n: A" x:Are:B
F'tAn:A"'x:A. e:Code(n:A’,x:A).B

|CoDE]

{(A can depend on n, fj,




Closure Axioms

Well-typed code pointer

.n:A"x:Are:B
F'tAn:A’'x:A e:Code(n:A’,x:A).B

|CoDE]




Closure Axioms

Well-typed code pointer

.n:A"x:Are:B

|CoDE]

F'tAn:A’'x:A e:Code(n:A’,x:A).B

When ers a vveII typed block of Code o ,-
wrtn references only to declared arguments n and x '



Closure Axioms

Well-typed closure

't+e:Code(n:A’,x:A).B e’ : A
'+ {e,e"):IIx:Ale’/n].Ble’/n]

[CLO]

{A closure has |
tcode pointer e, |
idata e’ “




Closure Axioms

Well;typed closure

't+e:Code(n:A’,x:A).B ['+e:

[+ {e,e)):IIx:Ale’/n].Ble’/n]




Closure Axioms

Well-typed code pointer

.n: A" x:Are:B
F'tAn:A’'x:A e:Code(n:A’,x:A).B

|CoDE]

Well;typed closure

't+e:Code(n:A’,x:A).B F'+e’ : A
[+ {e,e):IIx:Ale’/n].Ble’/n]

[CLO]



Closure Axioms

We show

1. Logical Consistency
Orthogonal to impredicativity, relevance, parametricity,
large elimination, and set theory

2. Type safety
IR programs type and memory safe; validate compiler
output and enforce safe linking via type checking




Closure Conversion

(Mx:A. Bt € mx:A*+. B*
Ox:A et &
)X )W)

» .
where x; : A; ... are the free.variables of e and A

Pair code pointer with free variables,
as explicit data
(standard)




Closure Conversion

(Mx:A. Bt € mx:A*+. B*
(Ax: A0 T (A C o hxs 3)
let (X,) = nin g), (x;...))

where x; : A; .:-are the free variables of e and A

Bind free variables.in term by
projecting from data argument
(standard)




Closure Conversion

(Mx:A.B)* < IIx:A*. B*

(Ax:A.e)" ef {(A(n ;. ,. ,x:let(x;...) = nigA+).
let (x;...) =nine), {(x;...))

where x; : A; ... are the free Variable_,s'bf e and A

Bind free variables in type annotation
(dependency)




Closure Conversion

(Mx:A.B)* < IIx:A*. B*

(Ax:A.e)" ef (A(m:2Z(x;: AT ...),x:let(x;...) =ninA").
let (x:)z nine), (X;...))

where x; : Aj . .f'are,ft.he free variables of e and A

Bind each x; in the type annotation for Xi+1
(dependency)




Type Preservation

Theorem. (Type Preservation)

U - E
* translates to
L

then




Type Preservation

Theorem. (Correctness of Separate Compilation)

| !.
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*R-R-R-N

Future Work

Closure Conversion

Allocation

Code generation



<

<

*R-R-R-N

Future Work

Scaling source feature set:
e recursion (optimizing)
e universe hierarchy



<

<

RN -N-N

Future Work

Foundational challenges:
inear + dependent types



Typed Closure Conversion of the
‘ Calculus of Constructions

https://williamj

bowman.com/#cccc

Dependently typed closures require
abandoning past work on type preservation
(existential types) to be practical.



https://williamjbowman.com/#cccc

