CPSC 539B
Homework 1

4.2 About Numbers

Definition. is-zero? = (A (nat-fold n true (A _ (A _ false)))).

Claim 4.2.1. (eval (is-zero? 2z) true) is a valid judgement.

Proof.

(app) (nat-fold-zero)
(— (is-zero? z) (nat-fold z true (A _ (A _ false))))

(— (nat-fold z true (A _ (A _ false))) true)
(step) (step)

(=" (is-zero? z) (mat-fold z true (A _ (A _ false)))) (=" (nat-fold z true (A _ (\ _ false))) true) . )
rans

(=" (is-zero? z) true)
(eval)

(eval (is-zero? z) true)

O

For the following equational proofs, we omit instantiations of the (trans) rule, and chain together —
reduction steps directly. A lot of other steps are omitted as well, but I know that you know that I know
what I’'m talking about.

Claim 4.2.2. (eval (is-zero? (s z)) false) is a valid judgement.

Proof.

(is-zero? (s z)) = ((A n (nat-fold n true (A _ (A _ false)))) (s z))

@) (nat-fold (s z) true (A _ (M _ false)))

(nat-fold-succ

) (CN _ (N _ false)) (s z)) (nat-fold z true (A _ (A _ false))))
(app) via (app-compat)

((\ _ false) (nat-fold z true (A _ (A _ false))))

@) false

. (eval (is-zero? (s z)) false)



Claim 4.2.3. (eval (is-zero? (s (s z))) false) is a valid judgement.
Proof.
(is-zero? (s (s z))) = ((A n (nat-fold n true (A _ (X _ false)))) (s (s 2)))

(app) (nat-fold (s (s z)) true (A _ () _ false)))

(nat-fold-succ

) (CA _ (N _ false)) (s (s z))) (nat-fold (s z) true (A _ (A _ false))))

(app) via (app-compat)

((\ _ false) (nat-fold (s z) true (A _ (A _ false))))

m false

. (eval (is-zero? (s (s z))) false)

O
Definition. + = A n (A m (nat-fold n.m (A _ (A m (s m))))))
Claim 4.2.4. (eval ((+ 2z) z) 2) is a valid judgement.
Proof.
A B
" (trans)
(=" ((+ 2) 2) (nat-fold zz (A _ (A m (s m)))))) C .
— (+ 2 2 2 ((“m?
(eval ((+ 2) 2) 2) e
where A is the derivation tree
(app)
(= ((+2) z2) ((Am (nat-fold zm (A _ (A m (s m))))) z)) .
" (-2 2 (Om (atfoldzm (n _ Gvm s m)))) 2y P
B is the derivation tree
(> (O m (natfoldzm (A _ A mm))) 2z (matfoldzz (A_ (A m (s m))))) (?ptp))
(=" (0 m (matfoldzm (A _ (Amm)) z) (matfoldzz (A_ (Am (s m))) ¥
and C is the derivation tree
(nat-fold-zero)
(= (nat-fold zz (A _ (A m (s m)))) =z) .
(=" (nat-fold zz (A _ (A m (s m)))) z) (step)
O
Claim 4.2.5. (eval ((+ z) (s z)) (s 2z)) is a valid judgement.
Proof.
((+2) z)=((An (Am (mat-foldnm (A _ (A m (s m)))))) z) (s z))
(app) via (app-compat), (WP), (v £01d z (s 2) (A _ (A m (s m)))
(nat-fold-zero) (s 2)
o (eval ((+ 2) (s 2)) (s 2))
O



Claim 4.2.6. (eval ((+ (s 2)) (s z)) (s (s 2))) is a valid judgement.
Proof.
((+ (82)) (s2)=0An Am (mat-foldnm (A _ (A m (s m))))) (s z)) (s 2))

(app) via (app-compat), (ApP), (v fold (s z) (s z) (A (A m (s m))))

(nat-fold-succ)
_—

(N - Am (sm))) (s 2)) (nat-fold z (s z) (A _ (A m (s m)))))

(app) via (app-compat), (APP), (o (pat fold z (s z) (A (A m (s m)))))

(nat-fold-zero) via (succ-compat)

(s (s 2))
S (eval ((+ (s 2)) (s 2)) (s (s 2)))

Claim 4.2.7. (eval ((+ (s 2)) (s (s 2))) (s (s (s z)))) is a valid judgement.
Proof.

((+ (s2)) (s (82)))=An (Am (nat-foldnm (A _ (A m (sm))))) (s 2)) (s (s 2)))

(app) via (app-compat), (4PP), (/v f01d (s z) (s (s z)) (A _ (A m (s m))))

(nat-fold-succ)

(CCA _ (Am (s m))) (s 2)) (mat-fold z (s (s 2)) (A _ (A m (s m))))

(app) via (app-compat). (4PP) o (ot fold z (s (s z)) (A (A m (s m))))

(nat-fold-zero) via (succ-compat)

(s (s (s 2)))
So(eval ((+ (s 2)) (s (s 2))) (s (s (s 2))))

Claim 4.2.8. (eval ((+ (s (s 2))) (s (s 2))) (s (s (s (s 2))))) is a valid judgement.

Proof.

((+ (s (s 2))) (s (s 2)))
=(((An Am (mat-foldnm (A _ (A m (s m)))))) (s (s 2))) (s (s 2)))

(app) via (app-compat), (APP), v £old (s (s 2)) (s (s 2z)) (A (Am (s m)))

(nat-fold-succ)

(A _ (Am (sm))) (s (s 2))) (mat-fold (s z) (s (s 2)) (A _ (Am (s m))))

(app) via (app-compat), (APP), (o (pat £01d (s z) (s (s 2)) (A (Am (s m)))))

by Claim 4.2.7 via (succ-compat)

(s (s (s (s z)))N
s (eval ((+ (s (s 2))) (s (8 2))) (s (s (s (s 2)))))




